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ADVERTISEMENT TO THE SECOND EDITION. 


Mr. Hann’s Rudimentary Treatise on Plane Trigonometry 
having been carefully revised and corrected, the publisher 
submits this new edition to the judgment of Mathematical 
Teachers and Students with an increased amount of confi- 
dence. He would also respectfully invite their attention to 
his cheap collection of Mathematical Tables, forming Vols. 
94 and 95 of his Series of Scientific Treatises; they will be 
found amply sufhcient for all the practical purposes of Tri- 
gonometry, and will therefore furnish every necessary aid 
in computations connected with the present subject. The 
following brief extract, from the Author’s Preface to the 
former edition, 1s perhaps sufficiently descriptive of the 
character of the work: 

“T have given, to illustrate the principles, a great 
number of examples fully worked out, and which I hope 
will be of service to.those who have not the aid of a teacher. 

“In compiling the work, the best authors, whether 
French or English, have been consulted. I may refer to the 
excellent Works of Bonnycastle, Cape, De Morgan, Gaskin, 
Hall, Hind, Hymers, Snowball, Woodhouse, and Gregory ; 
and to Davies's edition of Hutton’s Course. 

“The problems have been principally taken from the 
Ladies and Gentleman’s Diaries, the Cambridge Problems, 
and Leybourn’s Repository. 

‘The demonstration of Demoivre’s Theorem is taken 
from an able French work on Trigonometry, by Lefebure 
De Fourcy.” 


J. HANN. 
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TRIGONOMETRY. 


CHAPTER I. 


1. TriGonoMETRY was originally considered to be the 
doctrine of triangles, but in its present improved state it has 
a much more extensive signification, which we shall here- 
after shew even in this rudimentary treatise. 


2. In estimating angular measures, we suppose the right 
angle to be the primary one, and to be divided into 90 equal 
parts, each of which is called a degree; each degree is 
supposed to be divided into 60 equal parts, each of which is 
called a minute ; each minute is supposed to be divided into 
GO equal parts, each of which is called a second, and so on 
to thirds, fourths, &c. Here one degree is considered as the 
angular unit. 


3. Modern French writers, instead of using the sexage- 
simal division, use the centesimal ; and it is to be regretted 
that the latter is not universally used, from the great ease 
with which all calculations are made in that division. 

We shall, however, shew how to reduce French into 
English measures, and vice versé. 

If E and F represent the number of English degrees and 
French grades in the same angle, 


E_F a EF. 

90 100 9 10’ 
OF F 10# E 
—=F- —— nd F = = rer 
10 10’ * gs 

4. The circumference of a circle is known to be about 
3°14159 times its diameter, or, in other words, the ratio of 
the circumference to the diameter is represented by 3°14159; 
for this number writers generally put the Greck letter 7, 

B 


Be a 
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.. circumference = 7D; where D is the diameter, or 
Qrr, where r is the radius of the circle 


Hence the length of the arc of a quadrant is > ; of a semi- 


circle, or 180°, is zr ; and of 270°, or three quadrants, is shld ; 


Now if any arc a subtend an angle of 4°, then since 


subtends 90°, and that by Euclid vr. 33, angles are propor- 
tional to the arcs which subtend them, 


A°: 90°:: ee 
9 a 3 


180° 
ree A’= ue ae eae cre (1). 


Tv r 





From this expression any one of the quantities may be 
found when the others are given. 


Ex. 1, Find the length of an arc of 45° of a circle whose 
radius is 10 feet ; 





180° a 
Ow bali 
as wv 10’ 
4.5° 
. a@= 180° x10 x 3°14159 = 7°8539 feet. 


5. Most modern writers on Trigonometry take also for 
the unit of angular measure the number of degrees in an 
angle, subtended by an arc equal to the radius*. If U° re- 
present that angle, then by equation (1), 

D 

* If ACB be an angle at the centre of a circle, B 
subtended by an arc equal to the radius of the 
circle, then, since by the 33rd Proposition of the 6th 
Book of Euclid, the angles at the centre of a circle 
are to each other as the arcs on which they stand, A 

Angle ACB : four right angles :: arc AB : cir- 
cumference, but 4B is an arc equal to the radius, 

Angle ACB: four right angles ::r:2a7r 3 


1:2, 


“. ACB = 
for any circle; it may therefore be used to measure other angles. 


four right angles , Sees he 
ee ee , which, being independent of r, is constant 
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180° r 180° = 180° : 
oop = einige 


Hence, A°= 57°:29578 (<) or 4°=: U° (2) eetee (2). 
And since U°= 5729578 is constant, 


A vari a. arc 
r radius 


U°= 





and taking U° as the unit, we have 


a Be , 
A°= which is called the circular measure of the angle. 


From equation (2) we see that the measuring unit, U’, 


must be multiplied by the fraction = to find the angle ; 


‘ 
thus if the circular measure of an angle be — , then 
A= a (57°°29578) = 28° 64789. 
If the circular measure be : then 


A%= : (57°-29578) = be (5729578) = 68°-754936. 


Now, suppose we take an angle of 22° 27’ 39”, then this is 
put into decimals at once by the centesimal division, without 
putting down any work on paper, it being 22°°2739; whereas, 
by the sexagesimal, we must proceed in the following manner: 


60) 39 
60) 27°65 
22:4.608 


If we wish to find how many grades and minutes are 
contained in this angle, here 


E = 22°4008 
E 

—= 2°4956 
9 9 


7 


E+ = = 24-9564, which at sight is 24° 95’ 64”. 


: B2 
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Find the number of degrees and minutes in 46% 56’ 36”. 


2 = 46°5636 
Ti 4°65636 
FEF 
E=F~ Oo 4.1°90724 
60 
5 AS4A 
60. 
26:064 


EF? = 4]° 54! 26”. 
(1) If F’ and F”, E’ and £” represent the magnitude of a 
French and English minute and second respectively, shew that 
F_ 3:3 F” 3-33 
Bl 2b EB a5 
F’=1 French min. ; 
*, F’x100x 100=a quadrant, 
EY = 1 English min. ; 
. E’x60x90=a naadvant 
hence, F’ x 10000 = &’ x 5400, 
FE’ x 50 = E’ x 27, 
F’ 27 3:3? 
E’ 50 2:5" 
Also, F” =1 French second ; 
“. FF” x 100x100 x 100 =a quadrant, 
E” =1 English second ; 
”. E” x60 x60x 90 =a quadrant, 
hence, F” x 1000000 = EB” x 324000, 
F°x* 250 = E” x81; 
FF” 81 = 3:3 
E”~ 250 25°" 
(2) Compare the interior angles of a regular octagon and 
dodecagon : 
360° 


In a polygon of n sides, A° = 180°— a 


0 
In octagon = 180° ~ _ = 180° — 45° = 135°. 
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re 


0 
In dodecagon = 180° — - = 180° ~ 30° = 150°, 


135 : 150 :: 9: 10. 
The ratio is therefore 9 to 10. 


(3) The earth being supposed a sphere, of which the 
diameter is 7980 miles, find the length of an arc of 1°. 








Ao. 180° a. o _ 180° | a _ 180° | ae 
er? ot a * 7980 a 3090” 
2 
0° 
but = = 5729578 ; 
we 1° = 5729578 x——— 
3990’ 
3990 
jae es = © l 7 
a 57-29578 69:6 miles 


(4) Find the diameter of a globe when an arc of 25° of 
the meridian measures 4 feet. 


_ 180° a _ 180° 4 180° 8 


A® = ———~x~; », 25° See ee 
vr T Tr T nw 2r 

180 8 8 

”. 2r= = X55 OF 29578 x == 


= 18°3346 feet. Answer. 


(5) Find the number of degrees in a circular arc 30 feet 
in length, of which the radius is 25 feet. 
» 180° a 180° 30 180° 6 
A= — x—= Xm - OH XE 
cr mw 25 wr 35 





= 57°29578 x ° = 68"75493. , 


(6) Find the number of degrees in an angle of which the 
circular measure is °7854, the value of m being 3°1416. 


180° a 180° 180° 
=-laetoO SS eer . = —— = 4 
oe Shiota ee 


A?® 

(7) The interior angles ofa rectilineal figure are in arith- 

metical progression, the least angle is 120°, and the common 
difference 5°; required the number of sides, 
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Sum of angles = nx ~ 2m by Euc. (1. 32), or 
120° + 125°+130°, &c., to n terms = 180°n — 360°, 
{240 + (n ~ 1)5} = = 180n~ 360, 


ae 3 
120n + sae 2" =180n — 360, 


240n + 5n?~ 5n = 360n ~ 720, 
5n? — 125n = — 720, 


625 25-5 4A 
misgeae Soe gah ee 
A 4 4: 4: 
5 7 
EG 8 
oh a 
OE 16 or 9 


The last is the congruent value of , since no angle can be 
so great as 180°; .*. the figure has nine sides. 


(8) One regular polygon has two sides more than an- 
other, and each of its angles exceeds each angle of the other 
polygon by 15°; find the number of sides in each. 

nA = nr — 27, equation (1), 
(n — 2)(A —15) =(n—2x2)z, 
nA ~2A-15n+30=n0 — 47, equation (2). 
Subtracting equation (2) from (1), 
2A +15n — 30=2n, 
2A =In —15n + 30, 
2nr —15n+ 30 























A = — 9 , and from equation (1) 
* 4 nm —2m _ 180 — 360 , 
— n : 
_ 2e-—15n+30 180n— 360 
oe 9 Prt n o% ) 


390n — 15n* = 360n — 720, 
15n? ~ 30n = 720, 
n’— 2n = 48, 
n?—2n+1= 49, 


~} 
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n-l=+7, 
n=1+97=8 or —6, 
and »—2=6. 
An octagon and a hexagon. 

(9) The angles in one regular polygon are twice as 
many as in another polygon; and an angle of the former is 
to an angle of the latter as 3 : 2; find the number of sides. 

Let m = number of sides in 1st, A =each angle, 

2n =number of sides in 2nd, B = each angle, 


A=("—*)q; B= ae) at ite, 
n n 











Qn 
B n-1 3 
ores also 3 
A n-2 2 
“. 2n-2= 3n—-6, 
n = 4, 
2n = 8. 


(10) The angles of a quadrilateral are in increasing geo- 
metrical progression, and the difference between the third 
angle and the fourth part of the first is 90°; find the angles. 


Let A, Ar, Ar’, Ar®, be the angles ; 
“ ACl+r+r?+7r°) = 360°, 
1 
and A (9-5) = 90"; 
“ (tr4r%+ 1?) = (477-1); 
oP ~—3r+r4+2=0; 
*, r— 3r°4+7°4+2r=0, 


9 3 1 r? r 1 
‘3 . 2 = + eal Ss eh a ee ae 
(r rear) (r at; co ae 
ai pice 
; oS 2-2 Be 
See SOrS SRS 9, 
1 15 
But A (> cre 90°; .. ae 90° 


* 154A =360°; «. A=24°. 
And the angles are 24°, 48°, 96°, 192°. 
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6. TrRIGONOMETRICAL Ratios or DEFINITIONS. 


Let BAC be any angle, and from any point D7 B 
D in AB let fall the perpendicular DP on AC, 
then if we represent the angle BAC by 4, <—-— 


ae is the sine of 4; = is the cosine of 4; 


pas is the tangent of A; ea is the cosecant of 4; 


? 


AD. AI 
ap 8 the secant of 4; DP 


For the sake of abbreviation the above quantities are 


generally put sin A, cos.A, tan A, sec.A, cosec A, cot A. 
1—cos.A is defined to be the versed sine of .A, or vers A*. 


By the 47th Prop of the 1st Book of Euclid, 
APs DF SAD? ccisessececsscs Cl) 


is the cotangent of A. 


* It may be perhaps necessary to re- 
mark that the following detinitions have 
been given by most English writers till 
within the last few years. In the annexed 
figure, take any arc AB, draw BP and 
A T each perpendicular to the diameter 
AE, and produce CB to meet AT in T, 
then BP is called the sine of the angle 
ACB to the radius CB; CF is called 
the cosine; AT the tangent; ('T the se- 
cant; AP the versed sine; O7” the co- 
tangent ; (7" the cosecant. 

f we take the arc 46 greater than 
one quadrant and less than two, then 
is called the sine; Cp the cosine; A 
the tangent; CH? the secant; Ap the 
versed sine. 

If the arc Abd be greater than two 
quadrants but less than three, then de 
is called the sine; Ce the cosine; AD the tangent; CD the secant; Ae 
the versed sine. 

If the arc Aldf be greater than three quadrants but less than four, then 
Jg is called the sine; Cg the cosine; fc he tangent; Cc the secant; and 
Ag the versed sine. 


Let the angle ACB = A, r = radius CB, then since CP?+ PB*= CB* 
by 47th Prop. Ist book of Euclid, we have cos? 4 + sin? d= 7?......... (1) 


Also AC? + AT*®= CT", or 
Pitan? Aa SOC? A cad ac vastwenvaneaeinsshavscwobenessunecnes (2) 
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Divide both sides of this equation by 4D’, and we have 
AP DP? _ AD 


AD** 4D*~ AD* 


Gea) ey. - 
2. €. AD + AD =I1: 


but ee is the cosine of A, and we is the sine of A, by the 
above definitions ; 
*, cos® A + sin? A =1.......0eeeeee. (2). 


From this equation we have, 
cos? A =1-—sin? A; 
*. cos. A =,/(1- sin’ A), 
and sin®?.A = 1 — cos’ A, 
sin A= ,/(1— cos’ A) ; 
and since by the definitions a = sin A, and of = cos A, 
we have DP = AD sin A, and AP = AD cos A. 


DP ADsnA_ sind 


Now tan A = AP ADcosA cos A’ 


From (1) cos? 4 = r? = sin? 4, or cos 4 = 4/(r? — sin? A) 
and sin? 4 = r® — cos? 4, or sin A = \/(r?— sin? 4) 
From (2) tan? A = sec? 4 — 7°, 
The triangles BCP, TCA, OCT", and oCB, are all similar, 


. AT BP or an A _ sin A 
" AC CP r  cosd 














rsin A 
OE CATR eh osasizasv danni Godenen ees 3 
cos A (3) 
cot d cosA 
r sind 
rcos A 
or cot 4 = bs cae ctanh uduhinee ealdae Wee again Uaee wueudeeiiabae ee centad 
in A (4) 
sec A r 2 
mee) SOP RECA =. 0... 5 awe cenetonssaveeesieaicwasiceeeeteke 
r cos A cos A (5) 
cosec A r 2 
———<—<$<$=< 8§ — 5 or cosec A = . SCOP eee ase see eee sesseseacrereeey 6 
r sin A sin A (6) 
VERS A CON A ss ves odes Sash ots dacodaraceanediocepnceeauiecssas (7). 
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cot AAP AD 008 A _ cos A 
~ DP” ADsin A sin A’ 


4-40 AD | 1 
see = AP~ AD cos A cos A’ 
AD AD 1 
cosec A = - 





DP” ADsin A sin A’ 


AD? AP’+ DP* DP? 
? = SPS eau to 3 : 
sec’ A = Fa A Ps 1+ (Fp) = 1+ tan? 5 
or by dividing equation (1) by AP’, : 


ap) + DP\’_ /AD\! 
(ap) *(ap) = (Gp) » 
or 1 +tan* A = sec* 4; 


*, sec A =,/(1 + tan’ 4). 
Also dividing equation (1) by DP’, we have 


AP\? /(DP\? /ADv\? : 
(pp) + (Sp) =(hp) that is 


cot? 4 + 1= cosec’ A; 
. cosec A =,/(1 + cot? 4). 
(1) The sine of an angle is equal to the cosine of its 
complement. 
Since 4 ADP =90°— A, 


and sin ADP = ns = cos A, 


DP 


cos ADP= 45> sin A; 


that is, sin (90° — A) = cos A, 
and cos (90° — 4) = sin 4. 

(2) To shew that sin 4 = sin (180°— A). 
Let BOP, be greater than a 
right angle ; draw P,N, perpen- 
dicular to AB; make the angle 
BOP equal to the angle AOP,, 
and OP = OP,, and let fall the 
perpendicular PN, then the tri- 


angles P,ON, and PON are evi- 
dently equal. 
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PN 


sin BOP, = PN, ; sin BOP = sin (180° - BOP,) = OP? 


OP, ’ 
but P,N,= PN, and OP, = OP; 
-. sin BOP, = sin (180° — BOP,): 
that is, the sine of an angle is equal to the sine of the sup- 
plement of that angle : 
ON, ON 


cos BOP, = OP, =— Op? 
cos BOP = cos (180° — BOP,) = cele 
] OP’ 
.. cos BOP, = — cos (180° — BOP,) ; 
or the cosine of an angle is equal to minus the cosine of its 
supplement. 
(3) Sin (~ 4)=-—sin 4, and cos (— A) = cos A. 


If the line OP revolve round the point O we 
from OD upwards till it describes an angle a | 


NOP =A, then if it revolve downwards 5¢<4 —__|N py 
from OD till it describes the angle ~~~ ~ 
NOP, then NOP, =— A. 


P 
PN : 7 PN 
sin 4 = OP? and sin NOP, = sin (— 4) = OP 
fast PN PN. 
OP, ~ OP? 
‘, sin (- A)= ~ sin A; 
ON ON ON 
cos A = OP’ and cos NOP, = cos (~ 4) = oP = opi 


-. cos A = cos (— A). 
From these we readily see that 
tan A = — tan (— A), 
cot A = — cot (— A), 
sec A = sec (— A), 
cosec A = — cosec (— A). 
After one revolution is completed, the sines, cosines, &c., 
take the same values as before; therefore the sine of any 
angle is the same as the sine of 360° + that angle, or 


sin 4 = sin(27r + A); 
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In the same way, 
sin A = sin (47+ A), 
and for the general form, where n is a whole number, we 
have 
sin A = sin (Qn + A). 
Similarly, 
sin (7 — A) = sin (380 — A)= sin (5a — A); 
or, generally, 
sin (7 — A) = sin {((Qn+1)a—- 4}; 
but sin A = sin (7 — A); 
+, sin (Qua + A) = sin {(Qn+ 1) 7 — A}. 
Also sin A = — sin {(2n +1) a+ A} 
= — sin (Qua — A), 
cos A = cos (Qu + A) = — cos {((2n + 1) r — A}, 
tan A = tan (Qu7 + A) = — tan {(2n 4+ 1) w— A}, 
sec A = sec (2n7 + A) =— sec {(22 +1) r— Al}. 


(4) In the figure at page 10, it is clear that if we suppose 
the line OP, originally coinciding with OB, to revolve 
round O as a centre, in each of the quadrants the various 
trigonometrical quantities will have precisely the same 
value; for the sake of distinction these quantities are 
affected with different signs. Thus, suppose ON = ON, =2, 
then ON, measured to the right of O, is called +2, and 
ON, measured to the left of O, is called— 2. Also, any 
line PN above the line AB is considered positive, and 
any line P;N below the same line is considered negative ; 
thus if PN = +y, then P,Nis—y. This is purely conven- 
tional, for we might have taken lines to the left to be posi- 
tive, and those to the right to be negative, and so on; but 
when we once fix on the positive direction, the negative 
direction must necessarily be opposite to it. 

If we suppose the line OP to revolve upwards, the angle 
PON is considered positive ; but, if downwards, the angle 
P,ON is considered negative: thus, the angle PON is + A, 
and the angle P,ON is — A, 


(5) We may now proceed to trace the values of the 
sine, cosine, &c., throughout the four quadrants. In the first 


ee . s a ON 
quadrant OP? which is the sine of A, is positive ; and OP’ 


which is the cosine of A, is also positive; it is clear that as 
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the sine increases, the cosine decreases, and when OP coin- 
cides with OC, then PN = OP, and ON=0; hence the 
sin 90°=1 and cos 90°=0. In the second quadrant the 


i * 1 . a 
sine is also positive, but the cosine or 7p 38 negative, 


since ON, is measured in the opposite direction to ON; as 
OP revolves trom OC towards OA the sine decreases, ‘and 
the cosine increases negatively ; so that when OP coincides 
with OA the sine is O and the cosine is —1, that is, sin 180° 
=0 and cos 180°= —1. 

In the third quadrant both the sine and cosine are 
negative, and when OP coincides with OD, then the sin 
270° =-1, and the cos 270°=0. In the fourth quadrant 
the sine is negative but the cosine positive, and when the 
line OP has completed a whole revolution by coinciding 
again with OB, then we have the 


sine 360°=0, and cosine 360° = 1. 


sin A . 

Since tan 4 =—— ee in the first quadrant, both sin A 

and cos 4 being pe tan A is also positive, and when 
ingo 1 .,. . 

A =90° we have tan 90° = oe . ar infinity ; that is, the 


tangent of 90° is infinite. 


+ sin A 
In the second quadrant tan A= 


ee and is there- 
sin ‘or ie 
—] 


fore negative, and tan 180° = =—-=0. 


cos 180° 


In the third quadrant tan A = oa aoe , and is therefore 


ae sin 270° Pe ; ; 
positive, and tan 270° = ae at on infinity. 
— sin 4 


In the fourth quadrant tan 4 =— mee 


° oP SG | 30 O 
quently negative, and tan 360° = ae vo 30 ta 


(6) To find sine, cosine, &c., of 30°, 60°, 45°. ! 

Let the angle be 60°. 

In the equilateral triangle ACB, let fall the 
perpendicular CD, which bisects both the angle 4 
ACB and the base AB. ees 





and couise- 
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Now, ue sin ACD =sin 30°, but AD = 5 AC 














AC 
1 
g4@ 
*, sin 30°= AG = 3? 
: 1 J3 
: izes — sin? 30°) = laa) = 
. cos 30°= ,/(1 — sin’ 30°) ( *) aa but 
: : 3 
cos 30°= sin 60°; .. sin 60° =v : 
0 bf 0 0 1 
cos 60° = sin 30°; .*. cos 60 =a 
‘ F 3 
sin 30° =5, sin 60° =N2, 
3 1 
cos 30° =v F cos 60° = 3? 
1 J/3 
sin 30° 2 1 sin 60° 2 
t: 0 eee a 8 = =_———— = ‘ 
an 30° = —— 13 = 8 tan 60° = 5 Go 1 re 
2 2 
/3 1 
cos 30° 2 60° 2 1 
t 3 o = ~~, = = 0 COs en gee 
oe sin 30° 1 V3, cot 60° = sin 60° /3 fk 
2 Q 
1 1 1 1 
sec 30° = —-_— ci ere ad 
cos 50° ave 3/3 ReeOe cos 60° 1 *, 
2 Q 
I ] ] 2 
i —_— EC * = ——- —_= a 
coset 30°= = 5 2; | cosec 60°= 60°87 7 
2 a 


When the angle is 45°, 
sin 45° = cos (90° — 45°) = cos 45° 


Now, since cos’45° + sin? 45° = 1, and cos 45° = sin 45°, 
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we have 2 cos’ 45° = 1, 
cos? 45° = 


1 ° 
Me 3 
and therefore, sin 45° = <a 


and since sin 45° = cos 45°, 


or, cos 45° = 





tan 45° = ee : 
tsa 
sec 45° = = - = ,/S, 
aE 
cosec 45° = 5 oe - eS 


The following results the student should commit to memory : 
cos’ A +sin? 4 =1, 
cos A =,/(1—sin’ A); sin A =,/(1—cos? A), 


sin A 1 ; 
tan A = oa cal = ,/(sec’.A - 1), 
cos A 1 


cot A = —— 





sin. A tan A =/(cosec’ A ~ 1), 
1 - a 
sec A = ood = ,/(1 + tan’ A), 
cosec A = <4 = ,/(1 + cot’ A), 


vers A =1—-cosJA. 


Examples. 


4: ° : 
Ex.1. IftanA= g? compute the sine and versed sine. 
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sin A 4, 
cosA 3’ 
8 sin A =4,/(1 — sin’ 4), 
9 sin? A = 16 — 16 sin’ 4, 
25 sin? A = 16, 
5 sin A =4, 





: 4 
sind =-—, 
vo 


cos A = ,/(1— sin’ A) = J - 35) 
3 
5 


vers A=1—cos4=1-—- 


Ex. 2. 6(sin 4)’=5 cos 4, find sine, cosine, tangent. 
6 — 6 cos’ A = 5 cos A, 
6 cos’ 4 + 5 cos A = 6, 


Ry eT a ee 


6 
5 25 25 169 
70s} A+-cos d+——=1+——= —*. 
" Gor a 144° 144° 
5 13 
A+—=+—, 
cos +737 12 


cos A=, eee 
9) 


sin A = ,/(1 — cos A) = oe Oa, [80 





Ex. 3. sin A cos A = ‘ . Find sim, cos, and arc. 


sin A ,/(1 — sin’ 4) ~v2, 
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sin’ A (1—sin? A)=—, 


sin‘ A — sin’ A=-—, 
sint Asin? A+ 2 =.5, 
sin’ A—S= 47, 
sin’ A=, or 7 
game. = 
.. A= 60°, or 30°. 


1 3 
cos A=<5, or = 


Ex. 4. tan 4+ cot 4 = 55 , find tan 4, and cot A. 
1 4. 
BAT aa 8° 


4 
tan? 4d —- —-tan d=—-1, 


Ps 
tan? A~ jy tan deo =5, 
tan A— 7-45, 
tan A = ,/3, or 9° 
1 


Oba g8 or ,/3. 


Ex. 5. If 3sin4+5,/3.cos 4 =9Q, find A. 
5,/3.,/(1 — sin’ 4) = 3(3-—sin A), 
25.3.(1 — sin? 4) = 9(9—6sin A + sin’ 4), 
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25 = 25 sin? A = 27 —18 sin A + 3 sin’ A, 
28 sin? A — 18 sin A =- 2, 





sin’ A- > sin d=—Z, 
sin? A - Ssin A+ yg ng tae 
cin A- 2h = s, 
sin 4= 279 =F, re 
A = 30° 


Ex.6. sin 44sin Bel tv? 


Find A and B; 
sin A sin B=N2, 


sin? 4 +2sin 4 sin B + sin? B= SS 
4. sin A sin B= 462, 
sin! A—2sin A sin B+ sint B=2—2 NESE 


: ; 3-1 
jideda Bek” —, 
2 
F ; 1+ 
sin A+sin B=1* 3 | 
s s 1 0 
2sin A=1; os sin A ==; S.-i = 30 5 


3 


QsinB=,/3; sin B=, -. B=60° 


Ex 7. Shew that sec’? 4 cosec? 4 = sec? A + cosec’ A. 


sec’ A cosec’ A = sec* A (1 + cot® A) = sec? A + sec’ A cot’ A, 
1 cos’ 4 ] 
3 
—35---, = sec®A+-.--5 
cos’? A sin? 4 sin? A 
= sec*d + cosec’ A. 


= sec’ A + 
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Ex. 8. If tan?A +4sin’?A =6, prove that 4 = 60°. 


sin? A ; = 
wogt 4 7 *8in’ A =6, or, -—— = wig t sin’ A = 6, 


sin? A + 4sin?.A — 4 aaa = 6—6 sin’ A, 
4, sin*A —11sin?A =—6, 
: 1]. 121 121 96 25 
‘A ——-sin? A = eS 
Aer ON Nga Ga 64S 6a? 
11 oe ; li 5 3 


sin?.A oar aa gi sin’ A =o t= 2, or 7 


*. sin.A = ve =sin 60°; .*. d=60°. 


The ,/2 being greater cn unity is inadmissible. 
Ex.9. If sinaecosa+asin’ x=), find a. 
sin ,/(1— sin’ x) =b—a sin’, 
sin? x — sin xc = 6? — 2ab sin’ x + a® sin‘ 2, 
(a? +1) sin‘ e— (2ab +1) sin’ « =- 6’, 


sint x Ce ay , sin? x = a 
a? +1 gt ed? 


ig (Pars) ree {att 
sin‘ x — (—, Sly hee 
a+) 2(a*+1) 


4.a°b? + 4ab +1 i? 











~ a(a+1y 0 a? 4] 
_4ab +1 — 40° 
~  A(at+1) ? 
2 
Beet. 2ab+1 J(4ab +1— cael 
2 (a’ +1) 2(a* +1) 
ig ee 
2(¢°—1) 
ing = {SOP +11 40d 49915 
2 (a* +1) 


: ; 2 4 
Ex. 10. 25sin A (sin A—cos A)=4, Prove that sin 4 = = 


*_ 9 5 Stes 
sin?.d — sin A cos Ad = —, 
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= ee ‘ 
sin? A a5 sin A cos A 
= sin A ,/(1—sin?.A), 


16.—Oi«i . 
sin* A — = sin? A +—— = sin*A — sin‘ A, 


25 625 
33 16 
9 ee ee 
sin‘ A 95 sn (A= — a5? 
; oS: & 8 
sin* A 50 sin’ A G25 


2 
sint A ~ Fs sin? + (*5) 1089 8 _ 961, 


50 100/ ~ 10000 625° 10000’ 
ma i aa ion 
sin? A = aa * <6 = 6 — taking the upper sign ; 
. sin A = = = : : 


Ex. 11. 6tanA+12cotA=5,/3.secA. Find tan A. 
12 _ 
6 tan A + =5/3.,/(1 + tan’ A), 


14.4 
36 tan? A +1444 - ,,=754+75 tan’ A, 
tan’ A 





39 tan‘ A — 69 tan’ A = 144, 
13 tan‘ A — 23 tan’ A = 48, 








iat oes -° 
wt Se 
tan’ 4 - 5 aa 
tan’? A= ay —_ ae 3; 


-.tand=,/3; .«. A= 60° (p. 14). 
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Ex. 12. If m=tan 4 +sin A, andz=tan A —sin 4, find 
an equation involving only m and n, 


m=tan A +sin A, 
n =tan A-—sin 4, 


m+n, m—n 
tan d=—2—, sin 4d = ao 





tan 4 
/(1 + tan? A)’ 
mtn 
m—n ag 


a m+n-)° 
(+("2") 
(m +n)? 
Oa es 
CEU MCL 
4(m—n)? + (m—n)? (m+n =4(m4+ ny 
(m? —n?)’ = 4(m +n)? —4 (m —n)? = 16 mn, 
m*—n?=/(16mn) = 4,/(mn). 


sin A = 





Ex. 13. If a(sin 0)? +5 (cos @)*=m......... (1), 
b(singd)* +a(cosP)y =n ........- (2); 
anda tan@=b tang ......... ee (3), 
then 1456 a. 
abm n 


a (1 - cos* 6) + 6 cos’? 6 =m, 
a—acos’ 0 + 6 cos? 6 =m, 
(a—b) cos? 8 =a—m, 








on a-m a—b a-5b 
cos*@=-— , ; .*. sec?O= —-— or 1+tan’6 = —— ; 
a—b a-m a—m 
a—h m—b 
ce tan? @ =— ~~—Jj= e 
a—-m a—m 
In the same manner, 
n~a 
tan’ d= : 


b—n’ 
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tan? 0 m—6 b-—n 
tan?> a—m n—a’ 








but by equation 83, 
tand 6 tan?0 0? . 
tang “a? tant a®? 
6° _ m-b b-n_ bm—b?—mn + bn 


"a8 a@—-m n—-a an—-mn—a?+am’ 


ab?n — b?’mn — a?b? + ab?m = a®hm— a®h? — a®’mn +a7bn ; 
. (a®— b*) mn = a®bm — ab?m + a?bn — ab?n 
=ab(am—bm +an—bn) 
=ab{(a—b)m+(a—6b)n} ; 
. (a+b) mn =ab (m+n), 
a+b m+n 
"ab ~ mn 
1 1 A 1 
we ttaps=—tec. 
a b m n 
(1) Prove that 
tan A cosA_ tanA cot dA 


























nae secd cotA  cosecA ”’ 
sind cotA sin A cosec A 
cos A = —— = — . 
F tanAd cosec A sec A 
cos A _cosA secd _ sin sin A cosec A 
tan A = sin A cot?d cotd  cotA ”’ 
cot A= £034 sec A _ sin 4 cosec A _ sin A 
tan A tan A cos A tan? A’ 
a tan 4 a sin 4 cosec A _ _ tan A cot. A 
sin 4 cos A cosA 
eee a4 A cos A sec A 2 tan A cot A 
an A sin A sin A 


(2) se cot? A = cot? A —cos’ A. 

cos’ A — cos’ B 
(3) ‘cos? A cos? B 
(4) Ifm=cosec A —sin A; and n=sec A—cos A ; 


= tan? B—tan? A. 


4 2 e 4 
then ms22 + men3 = 1, 
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(5) Given lie =1, find A. A=45°. 


(6) sin.A cos A = . find A. A=30°. 
(7) tan A+cot A4=2, find A. A=45°. 


(8) Write down the sum of all the exterior and also of 
all the interior angles of a polygon of n sides; and thence 
deduce the value of each of the vertical angles of the trian-~ 
gles made by producing both ways all the sides of a regular 
polygon, and verify the result in the cases where n =3 and 


n= 4, 


tan A 
(9) coor + JS (t-3 a) = sec A, findsec A: 
nar 


cA =-———~-. 
se 5 


(10) ,/(tan* 4-1) + / (tsa ) + 1=sec* A, find 


or 


tan A: 


1+,/2\t 
tan a= (1* aN 


(11) sin’.A+ 5 cos’ A=1, find 4. 


A =90". 
(12) sin* A—2sin®? d—1=2sin A—cos’ A, find A. 
A = 270°. 


(13) tan‘ A—tan? 4+1=4tan 4+sec’ A, find tan A. 


(14) Ifsin4+cos B=a, 
sin 3+cos d=), 


‘ _6 a ( 4, ) 
then sinB=geS / ag) . 


4, 


pl + 3, find tan z: 
tan z * Jean & 


7+,/13 
sar aa 


(15) Given tan z= 


tan © — 


24 
(16) 
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Given tanz tan y =tan* z—tan’y 
tan*® x + tan* y 
tan 2 —tan y 


2 tan® x = 


Find tanz and tan y, without quadratics, 


(17) 


(18) 
(19) 


(20) 


(21) 


(22) 


(23) 


(24) 
(25) 
] 


tan A + —— 


tan 2 = 





J5+5- _/5 
re tan y = 9 


1 


tan «— tany=2 ee 
tan x tan y 


1 
— (ta = 
qa eee) tan y= 1. 


] 1 

— tan? 2 = — ———_:: find . 

4, tanx-—1’ a 
tan x = 2. 


tan’ x + 48 cot? z=4cotr +18, 
tan c= 4 and — 2. 


4s 
see" =65 cotx- 39; find tanz: 


sin? x + sin y = 


sin x sin y=— | £=90° and y= 30°. 


tof mt 291 09 


z tan? 2=8 > ~ tan 2; find tan x : 
( 


tan x = 2. 


If tan? A—cot A = 4 (cot A—1), d= 45 


(tan A—1)*—8 cot A(1—2 cot 4) =8: find tan 4. 
Prove that 

= 5 {lsect A +3)—tan A}. 
tan aad + &c., ad inf- 
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CHAPTER II. 
7. To find the sine and cosine of the sum and dif- 
ference of two angles. 
Let the angle FAC = A, and the angle 
FAP = B, then PAC=4+B, draw PF P 
perpendicular to AF, and from P and F 
let fall the perpendiculars PD and FE on x 


AC, and draw FG parallel to AC. Now, 

because GF ie parallel to AC, the alter- z 
nate angles, AFG and FAC are equal,a” DE 

but FAC =A, therefore AFG =A; and since AFP is a 
right angle, the angle PFG is the complement of AFG; but 
FGPisa right angle, therefore FPG is the complement of 
PFG, that is, the angles FPG and AFG are the comple- 
ments of the same angle (PFG), they are therefore equal ; 
but AFG has been proved equal to 4, hence FPG = A. 


sin (A+B) == oA OP _ EP APG 


~ AP ~~" 4p 
_EF PG 
“4P* AP 


_EF AF PG PF. 
~ AF* AP” PF’ AP? 
but by the definitions, a = sin A, 


and a =cos B; also ae = cos PG = cos A, 


and of = sin B, hence 

.. sin (4 + B)=sin 4 cos B +cos A sin B. 

AD AH-DE AE GF 

AP" AP ~~ AP AP” 
(because GF = DF) 

fo sso cs ee 

AF’ AP PF’ AP 

= cos A cos B — sin A sin B. 


cos (4 + B)= 
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To find the sine and cosine of 4 — B. 

Let the angle DAF = A, and the angle F 
PAF =B, thenz PAD=A —B: from any 
point P draw the perpendiculars PF and P 
PD on AF and AD, also draw PG parallel é 
to AD, then z PFG =the complement of . | 
AFE, and therefore = A, because AFG is 
the complement of A; and because GD is a rectangle, 
ED= PG, and PD=GE. 

: PD FE-FG FE FG 

sin (A — B) = "4 p= GP = AP AP 
_FE AF FG FP 
AF’ AP FP’ AP 

= sin A cos B—cos A sin B, 

AD _AE+ED_AE PG 

AP AP ~~ AP’ AP 
_AE AF PG PF 
~ AF’ AP” PF’ AP 


= cos A cos B+ sin A sin B. 





A 


cos (A —- B)= 


8. Now, since sin (4+ B)=sin A cos B+cos Asin B, 
if we make B= A, then 


sin (4+ A)=sin24=sin A cos 4+ cos Asin A =2 sin Acos 4; 
also, 
since cos (4+ B)=cos A cos B-sin Asin B; make B= 4; 
then cos (A + A) = cos 2 A= cos Acos A —sin A sin A 
= cos’? A — sin’ A ; 
but since cos? 4 = 1 — sin’?.A, we have also 
cos 2 A =1-—sin? A —sin? d=]-2sin’ 4; 
also sin? A =1—cos* 4 ; 
*, cos 2.4 =cos* A — (1 — cos? A) = 2 cos* A —1. 
Since A may be any angle, we have the sine of any angle 
equal to twice the sine of half that angle multipled by the 
cosine of half that angle; and the cosine of any angle is 


equal to the square of the cosine of half that angle minus the 
sine square of half that angle. For the sines we have 
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e e 42 fi 
sin A = 2 sin — cos — 
eo) Q? 


| em J 
sin 5 A = 2sin 7 A cos a4 


. dl . il 1 
sin g4=2sin & A cos & A, 
el eee Ace A 
n Qn Qn 


In the same manner for the cosines, 
cos 2A =1 — 2 sin’ A, 


cos A=1-~2 sin? 5 


> 
cos = A =1—-2sin?> A, 


cos A =1—2sin’ > 4, 


cone A =1-2sin? 4. 
n 2Nn 
Also cos 2 A = 2 cos’ A —1, 


cos A= 2 cost 5 A ~ 1, 


1 »1 
cos 5 d= 2 cos gA-1, 
cos 5 A = 2cos" = A~1, 


ny Ree Pee een 
n Qn 


9. To find sin 342. 
sin 3 A =sin (24 + A). 
By putting 24 for A, and A for B in the sin (4 + B), 
we have 


sin (2.4 + A)=sin 24 cos A + cos 24 sin 4; 
cz 
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but sin? d=2 sin 4 cos A, and cos24A=1-2sin’ A 
sin (2:4 + A) =2 sin A cos 4 cos 4 + (1 - 2 sin’ A) sin A, 
= 2 sin 4 cos’ 4 + sin A —2 sin’ A, 
= 2 sin A (1 — sin’ 4) + sin A — 2 sin? 4, 
= 2sin A—2sin* 4 + sin A —2 sin® A, 
= 8sin 4d — 4sin? 4; 
that is, sin 3A =3 sin A — 4sin® 4. 
To find cos 3 A. 
cos 3A =cos (2A + A)=cos 2A cos A —sin 2A sin A, 
= (2 cos* A — 1) cos A —2 sin A cos A sin A, 
= 2 cos® A —cos A — 2 cos A sin’ A, 
= 2 cos’ A —cos A —2 cos A (1 — cos’ A), 
=2cos’ A —cos A —- 2. cos A +2 cos’ A, 
= 4 cos’ A —3 cos A. 
In the same way we may find the sin 4A, &c., but it 


will be better to express them in general terms, as in the 
next Article. 


10. Now, since 
sin(A + B)=sin A cos B + cos A sin B, 
sin (A — B)=sin A cos B—cos A sin B, 
by addition we have 


sin (A + B)+sin (A — B)=2 8in A cos B......... (1). 
By subtraction, 
sin (A + B)—sin(A - B)=2cos A sin B......... (2). 


By multiplication, 
sin (A + B) sin (A — B) =sin’ A cos* B— cos’ A sin’ B 
= sin’? A (1 — sin? B) — sin® B (1 —sin* A) 
= sin’ A - sin? B =(sin A + sin B) (sin A — sin B)...(3). 
Also, cos(A + B)=cos A cos B —sin A sin B, 
cos (A — B)= cos A cos B+ sin A sin B. 
By addition, 
cos(A + B)+cos(A —~B)=2cos A cos B............ (4). 
By subtraction, 
cos (A — B)—cos(A +B8)=2 sin A sin B.........0+. (5). 
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By multiplication, 
cos (A + B) cos (A — B) = cos’.A cos’ B ~sin’ A sin? B 
= cos* A (1 — sin’ B) — sin? B (1 — cos* A) 
= cos’ A — sin’? B 
= (cos A + sin B)(cos A —sin B) ........ cease (6). 
Now by equations (1) and (4): 
sin (A + B)+sin(4- B)=2sin A cos B, 
cos (4 + B) + cos (A — B)=2 cos 4 cos B; 
for B put a, and for A put na; then, | 
A+Bzna+a=(n+1)a, and A~B=na—a=(n-1)a, 
sin (x + 1)a+sin (z — 1)a =2 sin na cosa, 
cos (1 + 1)a + cos (n—1)a =2 Cos na cos a. 
By giving to n different values, the sine or cosine of 
any multiple are may be found. 


11. Now, since half the sum of any two quantities 
added to half their difference gives the greater, and half 
the difference subtracted from half the sum gives the less, 


we have 
A=34(A + B)+3(A -B), 
= §(4+B)-4(4-B). 
Putting 4(4+ B) for A, and ‘3 (4 — B) for B, in sin 
(A + B) and cos (4 + B); 
sin A =sin {$(4+ B)+3(A—- B)} 
=sin $(4+ B)cos3(4—-B)+cos $(4+ B)sin (4 — B)...(1). 
In the same manner, 
sin B=sin3(4+B) cos 4(A—B)-—cos 4(A+ B) sing(A-B)...(2). 
By adding (1) and (2), 


sin d+sn Be-2sing(A4 +B) cosg(A—B) occccsccceees (3). 
By subtracting (2) from (1), 
sin A—sin B = 2 sin 4(4 — B) cos$ (A+ B) ...seeseceeeee. (4). 


cos 4 =cos{3(4 + &)+3(A -B)} 
= cos $(A +B) cos $(A-B)- sin 3(A +B) sin $(A- B)...(5). 
cos B= cos {5(A + B)~4(A — B)} 
= cos $(A+B)cos4(A—B) +8in$(A +B) sin 4(A-B)...(6). 
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Add (5) and (6): 

cos A + cos B= 2cos3(A +B) cos$(A—B) .....cssees (7). 
Subtract (5) from (6): 

cos B— cos A =2sing(A +B) sin$(A —B) ....sccsesees. (8). 
By dividing (3) by (7): 


sn A+sinB sin (A + B)cos 3(A-—B)_ sin3(A +B) 
cos A+cosB  2cosi(A +B) cos$(A—B) cosé(A+ B) 
= tan $(A + DB) issssvces (9). 

Divide (4) by (7): 

snA-—sinB 2sin3(A—B)cos3(A+B) 

cosA+cosB 2cos$(A+B) cos 4(A~B) 

Divide (3) by (4): 

snA+sinB 2sin 3(A + B) cos 3 (A - B) 

sinA—sin B 2sin (A — B) cos 3(A +B) 
_ tan $(A +B) 


tango B) (11). 


=tan }(4*B).(10). 








Divide (7) by (8): 
cosB+cosA 2 08s (A + B) cos 3(A — B) 
cosB—cosA 2 sin$(A +B) sin a(A — — B) 
= cot $(A + B) cot $(A ~ B) ......... (12). 
Divide (4) by (8): 
sn A-sinB 2sin3 (A — B) cos u(A + B) 
cosB—cosA 2sin3(A+ B) sing (A -B) 


= Col SCA D) cessive vention (13). 


}2. To express the tan(A + B) in terms of tan A and 
tan B. 


tan (A + B)= 








sin(A+B)_ sin A cos B+cosA sinB 
cos(A +B) cos A cosB-—sin Asin B’ 
Divide the numerator and denominator of this fraction 

by cos A cos B; then 

sin A cos B if cos A sin B 

cosAcosB' cosAcosB  tanA+tanB 

_ sin A sin B ~ 1—tan A tan B’ 
cos A cosB 











tan(A + B)= 
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sin(A —B) _ sin A cos B—cosA sin B 





ona.) ~ cos(A—B)  cos.A cosB+s8inA sin B 
sin A cos #8 cosA sinB 
cosAcosB cosAcosB tanA—tanB 
= 1. on A sin B ~ 1+ tan A tan B’ 
cos.A cos B 


13. To express the cot (A + B) in terms of cot A and 


cot B. ( 
cos(4 +B) cosA cos B—sin A sin B 
Ue A) = act BY ain cos a din Be 
Dividing numerator and denominator by sin A sin B, 
cos A cos B 
sin A sin B _cotA cot B-1_ 
sin AcosB cosAsinB cotB+cotA ’ 
sin A sin B” sin A sin B 
making B=.A, we have 








cot (A + B) = 





In precisely the same manner we obtain 
cot A cot B+1 
cot (A — B) ass ar tae 
If in tan(A + B) we make B= A, 
tan A + tan A 


then tan (4 + A)= eee are ew 


; 2 tan A 
that 1S, tan 2A = 1—tan'A ° 


If for 2A we put A, and therefore . for A, we have 





2 tan — 
tan A = 
2 
1 — tan 3 
In the same manner 
2 tan A 
re A 4, 
N -- = ees ’ 
2 9A 
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tan 4 = 6 
2 “4 tan? A 
6 
2 tan — 
tan = 2 
n 
1—tan? — 


14. Inverse trigonometrical functions. 


The quantities sin~’4, cos.A, &c., are called inverse 
functions, and have the following signification :— 


sin— A is put for an angle whose sine is 4, 
cos"' 4 is put for an angle whose cosine is A, &c., &c. 
Let sina =a, and sin B=8, 
then a= sin“ a, and 8= sin“ 0, 
cos a = ,/(1 — a’), and cos f =,/(1 — 6”), 
sin (a + 8) = sina cos + cosa sin 6 
=a /(1- 6*)+6/(1—a’); 
“ a+ P=sin" {a,/(1—-6?)+6/1—- a), 
but a=sina, and @ =sin"'b; 
+, sin’ a+sin“ 6 =sin™ {a /(1 -0°)+b,/(1-a*)}. 
Also in the same manner, 
sin a — sin” b = sin™ {a ,/(1— 6°) —b /(1- a*)}. 
By proceeding in the same manner for the cosine, 
cos a + cos” b = cos™ {ab —,/(1 — a’) ,/(1 — 6°), 
cos™' a — cos” b = cos™ {ab + ,/(1 — a*) ,/(1 — 8%}. 
Proceeding in the same way for the tangents, 
if tana=a, tan B=65, 
then a=tan-'a, and @=tan"' 8, 
tana+tan@8 a+b. 
1—tanatanf 1—ad’ 


: _, fats 
. a2+6=tan (**,), 


but a=tan'a, and 6 =tan"’ 4, 


tan (a + @) = 
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. tana + tan“) = tan7 (2 > 2 . 
1—ab 


tana—tan8 a—b 


and since tan (a — #) = if@engune rar © 


— f 
“, tan a@—tan™ } = tan” = ) : 
1+ ab 


In the same way, 


b 
cot” a = cot” 6 = cot™? (4 = ") ‘ 
62a 





15. The following formule, which are sometimes called 
the formule of verification, are very useful :— 


since cos’ A + sin? A = 1, 
and 2 sin A cos A = sin 24. 
By adding and subtracting we have 
cos’ A + 2 sin A cos A + sin? 4 = 1 + sin 24, 
and cos’ 4 —2 sin A cos A + sin’ 4 =1 = sin 24. 
By extracting the square root of each of these, 
cos 4 +sin A =,/(1+ sin 2A), 
cos A —sin 4 =,/(1 --sin 24). 
When J is less than 45°, sin A is less than cos A. By 
adding, 
2cos A =,/(1+ sin 2A) +,/(1- sin 24), 
cos 4 =5v(1 + sin 24) + 5 (A — sin 24). 


Subtracting, 
2 sin A =,/(1 + sin 24) —,/(1 — sin 24), 


sin A= 5 J(1 +sin 24) — 5 /(1 sin 24). 


When A is greater than 45°, then sin A is greater than 
cos A, and the above will become 


sises ; {/(1 +sin 2.4) —~,/(1 - sin 24)}, 


sin A =3{/(1+sin 24) + (1 ~sin 24)}. 


To find the sin 18°. 
c 5 
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Since the cosine of any angle is equal to the sine of its 
complement, 


cos 54° = sin 36°, 
but cos 54° = cos (36° + 18°) = cos 36° cos 18° — sin 36° sin 18°; 
.. cos 36° cos 18° — sin 36° sin 18° = sin 36°, 

but cos 36° =1—2 sin? 18°, and sin 36° = 2 sin 18° cos 18°; 

*. cos 18° (1 — 2 sin* 18°) — 2 sin? 18° cos 18° = 2 sin 18° cos 18°. 

Dividing by cos 18°, 
1 —2 sin’ 18° — 2 sin* 18° = 2 sin 18°; 
*, 4sin’ 18° + 2 sin? 18° =1, 


sin? 18° + sin 18° = 


sin 18° = 





The same result may be obtained by using the formula 
for the sin 34; or by the 10th proposition of the 4th book 
of Euclid. 


cos 18° =,/(1 —sin’ 18°) 


Si -(S2)}-,/8= 5+2,/s-1 


= ft? _ (5 +,/5) 
8 


Qe 
sin 36° = 2 sin 18° cos 18° 


_2 = NS +75) _ O/5 - we + /5) 





2 — 8/2 
_He—a5 2,/5+1)(5 +1) (5 +,/5)} _ Jf(20 — 4/5) 20 —4,/5) 
ey /Q AQ 


1 20-—4,/5 ] 
= gf a re NCH N) 


Now the sin 36° = cos 54°, 
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*, COS 54° = aE JG) 5); 
sin 54° = /(1 — cos? 54°) = Ae _5 — 


7 Sas tulb [BAW 64+2,/5 
- 8 = 8 16 


_M(5+2/5+1)_ /5+1 
A ee 








Or thus, sin 54° = cos 36° = cos 2 (18°) = cos® 18° — sin? 18° 
5+J/5 6-2/5 _10+2,/5-64+2,/5 


em a ee SIS set ainlaenins Mee Sater aa 





8 16 16 
_44+4,/5 14+ Jf5 
16 4 


Now since sin 18°=cos 72°, and cos 18° = sin72°, we have 
the following results: 


sin 18° = ver! ; cos 18° = M5 +15), 


? 9) /2 ; 
sin 36° = Shea 3 cos 36° = S41 | 
22 4 
sin 54° = v5 =] — 5 cos 54° = idl 


ako) coo 120 = Sa: 


; a 
sin 72 2,/2 
By the formula, page 34, we may find a sin 15°. 


sin 15° = ane + sin 90°) —,/(1 — sin 30°)! 


] ] 1 
“ai (t+3)-t/(-3)} 
-1(/8_1) 8-1 
—6a\/2 fas 2/2" 
This might have been found by putting 
sin 15° = sin (45° — 30°). 
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Examples. 
(1) Shew that 
cos (60° + A) + cos (60° — A) = cos A. 
cos (60° + A) = cos 60° cos A — sin 60° sin A, 
cos (60° — 4) =cos 60° cos A + sin 60° sin 4. 
By addition, 
cos (60° + A) + cos (60° — A) = 2 cos 60° cos 4 = 2 x ; cos A 


= cos 4 ( because cos 60° = 3) : 


(2) sin (30°+ A) +sin (30°— A) =cos A. 

sin (30° + 4) =sin 30° cos A + cos 30° sin A, 

sin (30° — A) = sin 30° cos A — cos 30° sin A. 
By addition, 

sin (30° + A) + sin (30°— A) =2 sin 30° cos A =cos A. 
Gide 


1+ tan*® 3A 
2sin 4A cos4A 


sin a = O04 _ 28m 94 008 34 cos’ 4A 
1 1 ° 
cos’ 44 
(by dividing numerator and denominator by cos’ 4.4) 
_ 2tanZA 2tan4A 
= mela ~ 1+tan?4 4° 
(4) 2cos (45°+ $A) cos (45°— $ 4) =cos A. 
cos (45° + § 4) = cos 45° cos 3 A — sin 45° sin 3.A 
= Fa (008 1 Asin} A); 
cos (45° — 3 A) =cos 45° cos 3 A + sin 45° sin 3 4 
== a (cos 34+sin 34). 
By multiplication, 
2 cos (45°+ 4.4) cos (45°— 4A) 
Se ay ee yee 
= 2x—* 7a (cos* 4.A — sin’ 4 4) 
= cos" 4.4 — sin’? 4.4 = cos A. 
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(5) Given 
sin (x +a) + Cos (2 +a) =sin (z— a) + COS (x-a), find 2. 
sin (x + a) — sin (t— a) = cos (4— a) — Cos (2+), 

sin (x+a) = sinz cosa +sina Cos 4, 
sin («—a)=sinz cosa- sina COsz; 

*. sin (v+a) — sin(x— a) = 2 sina cos z, 
cos (x—a) = cos z cosa+sinez sina, 
cos (+a) = cosz cosa—sinz sina; 

*. cos (a—a)—cos(r+e)=2sinz sina; 
hence, 2 sina cosz=2sina sing; 

.. COSx=sinz ; 
ow B= AS. 


(6) If sin r+ cos2a= fs: prove that x= 18°. 


Since cos 2x2 =1—2sin* xz, we have 


J5 


sinc +1—Q2sin? x= %—, 
2 


ce 


sin? 2 5sing =-—4 hes 
2 


sin? ta Ssing + =a A/S tansy ] 


i6. 4 *% i616 
9-45 _(/5-2)* 
160—~CO*~*” a 








16 
; ] /5—-2 
sar ae 
, /5-2 1 ef 
sin = _-_- = oe 0. 
v 4 7S 4 sin 18°; 
r= 18° 


(7) Find the tangent of 15°. 
tan 45° — tan 30° 
1 +tan 45° tan 30° 


a a _N8-1_(/8- 1% =2-,/3. 


io 


tan 15° = tan (45°— 30°) = 


~ f/3+1 2 
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4 
5° 


Since sin acer * cosrt= J1-@} _* 
5° 5 5’ 

and siny =<; cosy=/{1-(2)} =3 
oO” 5 5° 


sin (2+ y)=sinz cosy+cosaz siny 
=§,3,4,4.9 ,16_95,, 
5°-5°5 5 25 25 25” 
but sin 90°9=1; .. r+ =90", 
or we may put it in the following form, 


(8) If «2 =sin” : , and y= sin” then, r+ ¥=90°. 


ne ee a ee eae + 3x3) =sin 1 
5 5 G 5° 5 5] ° 


(9) Shew that 4 sin 9° =,/(3 +,/5) —/(5- ,/5). 
By Art. 21, sin.A =5 {/(1+sin2 A)—,/(1-sin2 A)}, 


we use the under sign as the angle is less than 45°. 
Now, in the above formula let A = 9°, then, 2 4 =18°, 


sin 9? = 5 {¥(1 +sin 18°) ~ /(1 ~ sin 189) 


HMC) - Ve) 


=F iV(8 + J5)— V6 -0/5)} 


2. 4sin 9° = ./(3 + ,/5) ~ /(5 —,/5). 
(10) Shew that 2cos 11°15’=,/{2 +,/(2+,/2)}. 
Since 2 cos’ 4.A —1=cos A, 


cos 2A = af ee 
let A= 45°, then 3A = 22°30’, 


] 
1+—— 
2 2 
/2+1 fe _ (2 +,/2) 
————S Se ae aaa ’ 


~ A 2/2 — 4 
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0 f+ ew?) 
1 + cos 22° 30 Q 
0 ! — ———————————— eee 
cos 11°15 =,/ 3 


2 


- (RX. Vi2+ J2+4/2)} | 
4, 2 ? 
*, 2cos 11°15’=/{2 +, /(2+,/2)}. 


Or it might have been put in this form: 


, 45° 
2 cos’ —- — 1 = cos 45° = 3 


2 wae 
2 (2 cos” 4-1) = a= 
a cost A 0 + 2, 
0 
2 cos ~~ =/(2+,/2), 
45° 
ee. a P 
2(2 cos ‘i 1)= /(2 + /2); 
0 
*, 2cos = = /{2+ /(2 + /2)}- 


This is the same as 2 cos a = /{2 + /(2+,/2)}, and by 





45° 
gr We have 


continuing the operation to 


2 cos = /{2+,/(2 + ton +1 terms)}. 


(11) If A, B, and C be in arithmetical progression, 
sin.A4 —sin B= 2 sin (A — B) cos B. 
Since B is an arithmetical mean between A and C, we 
have 
4(A+C)=B...... (1) 4(4-QCO=B-C...... (2), 
A-B=B=C wescivves (3). 
By page 29, 
sin A - sin C= 2sin 3(A—C) cos $(4+C) 
=2sin(B-C) cos B; by (2) and (1) 
= 2sin (A—B) cos B; by (3). 
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(12) Show that 
tan" 5 + tan-! : + tan7! 
tan™ : +- tan” ; + tan! 


8 
7 1 +1) ( _ 
= (tan g 7 tan 5 + | tan | las 5)» 
é 
5 








— + 
tan™! z + tan7 — = tan” 3 = tan” : : 
3 i 1 I 4 
3°5 
ti 
tan 4 tant? = tant / 78 | = tan a 
7 8 l; 11 11 
a5 
1 ] ] 4, 3 
= eel ead “17 5 eae -1 = SS eas 
tan + tan 5 + fan noo 3 tan ree 1’ 
4 3 
4 3 7° Tr 
but tan’ — + tan” —— =tan” =tan™ (1) = 4 
f; 11 1 4 3 
7 11 
] 1 ] 1 
.t — + tan = + tan — + tan! — = 45°, 
a 37 an 5 7 5 5 


(13) Given vers"! =~ vers (1— 6) = vers” ee ; find = 
ios i oh Ee Ce nd eel tt) 
cos (1 =) cos” {1 —(1— 56)} = cos (1 a) 
. p. 32, tae ove (1-2) }=1-2, 
. H" rs =/- 0-2} 
(1 fe) ct ee 
a =) = ~14+6 = 146’ 


b 
x 2h 
1-z=4,/2, 
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. ~=] Le 
e = + 1 5° 
f = 
(14) Ifsinz=—, ‘and cos y= — try 


oe 1 1 /6+1 
Y= 127° 27137 273 


(24) /(5 - 2 ,/6) 
sin y = J {-( 2/3 yh gt igs 


cos=,/(1-2)=,/5 


sin (4 — y) = sin z Cos y — Cos 7 sin y 
1 V6 +1 _/2 N6- - 2/6) 
_f641 2. /(5-2,/6) 
nt ee 


, then 2 y = 30°, 





_/6+1-/10—4,/6)_ /6+1-/(4-4,/6 + 6) 
- a nn _ 


_ V6 +1-J/J6- 2)" _ /6+1-(/6-2)_3_1_ go, 
OG 7 6 6 2° 
Hence «— y = 30°. 

(15) If4sin 2 sin 3x=1, find z. 
4 sin (3sin x - 4sin*zx) = 1, 
12 sin’z — 16 sin‘z = 1, 
; : ] 
sin‘ — = sina = — 16” 
3 9 9 1 5 
einte — 7 sin’a + 7 = 64. 16 64 


cinta 34° 
3x /5 one Say 


sin? Varga 





sin ¢= so taking the upper sign, += 54°, and 


taking the under sign, x = 18°. 
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2 _f8+/2 
(16) Ifcosaz NE and cos y = 2/3” show that 


x+y =60°, 


nee SO an/ an yor 
wos -Case ae 
_(J6-1)? _ /6-1 


2/3 2/3” 
cos (4+ y) = iat Rie er ea 
2 /3+/2 1 /6-1 
So Bs. Ja 8 
J6+2 J/6-1_ /64+2-/6+1 3 1 
6 6 


- ee 0. 
6 aera cos 60 





2tan az 
1 If tan 22 =—————__ . show that the radius of the 
(17) eet a tants? : 
. 1 
rc ] ~~ e 
arc £18 5 
: tan 
Since tan 22 = Redicaia ed 
] — tan’sz 
or? tana 
tan2x = ;—---~~— toradius7; 
r’ — tan’ 
; 27* tan x _ @tane 
“7? _ tanta 1] —4tan'e 
r’ 1 


r?—tan’a 1—4 tana 
7 — 4r* tan? es =r? —tan’as 


(18) If sin (a +6) sin 8 = cos" 5 show that @= 90° - 7 


iets 2@ ee 
ince cos* — =——-— — 
2 as 
: : : ] + cosa 
(sin a cos 6 + cos a sin @) sin 8 =———, 


. . ‘ 1+cosa 
sin a sin 6 cos 6 + cos a sin’ @ = oe ae 


TRIGONOMETRY. 43 


1. : 1 — cos 20 1+ cosa 
5 sina sin 20 + ~—5—— Cte 
sin a sin 26 + (1 — cos 20) cosa = 1+ cosa, 
sin a sin 20 —- cos a cos 20=1; 
or, cos a cos 26 — sina sin 26=—1; 
i.@., cos (a + 26) =—1; 
a +20 =180°; 
; _180°-a«_ 9g, 
. Oa 5" = for 5. 
60° 
(19) Cos n6é + cos (n — 2) 8 = cos 6, then re 
cos {(n — 1) + 1} 8+ cos {(n — 1) — 1} 6 = cos 8, 
cos (n — 1) 6 cos 8 — sin (n — 1) 0 sin 6 + cos (n — 1) 6 cos 6 
+ sin (x—1)6sin0=cos 0; 
*. 2 cos (n—1) 6 =1, 


1 
Cos (n—1)0=,, 


(n ~1) 6 = 60°; 
_ 60° 
—n—-1-? 





(20) Show that 


. 1 
sin7! — + cot! 3 = 45°. 
J/5 


Let s =cot'3; .. cots=3, 


cos® s 1 —sin’¢ ie 1 : 
-. ~ =9or-—-, - =9; .*. sin’s =— and =——; 
sin? z d sin? g 93 : 10 eee nre J/10’ 
J 
he above becomes sin™! eae go tte el AO 
the a Ss J sin”! Tio 45°, 
sin- ~— +sin~ : = sin7! eee ae _ 2 ) 
5 “10> 3 we 10° /5 


s 3 2 e 5 . ] 
= sin™ (5 50 + <5) = sin! /50 = sin7! 2 = 45°, 
(21) Show that 
tan™ 
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This is the same as tan- + tan” ; + tan ; =: 45°, 
1 ] 10 
1 1 73 21 I 
-1 7 a —l < ues > = [ “hfe. | -—1 
tan 7 ee 3 tan . an 30 = tan 3? 
y pee ees cies 
3 21 
1 ] 5 
rae + pee ome 
1 ] 2 8 6 
oe ee a -1 = -lga 
then tan ; + tan 3 a TT tan i 
Q 6 
=tan] = 45°. 


(22) Find sin 4 from the equation 
tan 3 A =cosec 4 — sin A. 


sin A = cosec A — tan 3 A= _— - tani, 
1 sin 54 1 2sin*$A 
~ 2singAcos$d cos$A 2singAcos3d 2sin$A cosgA 
_ 1-2sin’ZA _ cos 4_ 
~ 2sin¢éAcosid_ sin A’ 
. sin’ A = cos A =,/(1 —sin* A), 
sin* 4 = 1 — sin’ A, 
sin* 4 + sin? A =1, 


‘ 1 1 5 
in‘ WA+—-=14+-—=-- 
sin’ A +81 +7 rie 


Ae ere as 
sin’? A arp aN, 
sin A = os tags, 


2 cosec 2A — sec A 
2 cosec 24 + sec 4° 
cot? (45° + 3 A) = CO 8A sin aA) 
(cos 54 + sin 34) 
_ cos’ 3d — 2 sin 3A cos ZA + sin? $4 
~ cos?34+%singA cos $A + sin’iA 


(23) cot? (45° + 3.4) = 
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1-2sin$Acoss4A4 1-sinA 


~ 14+2sin$Adcossd 1+sinA 


] 
cosec A _ cosec A-—1 
1 ~ eosec A +1 
A Igy eers haart 
cosec A 


sec A cosec A — sec A 
~ gec A cosec A + sec A 
2 cosec 2A — sec A 
~ 2 cosec 24 + sec A’ 
2 sin A—sin2d 
2 sin A+ sin 2A 
2sindA-—sin2d 2sind-—2sinAcosA_ 1-—cosA 
2sin4d+sin24d 2sind+2sinAcosd 1+cosd 
1—(1—2 sin’ 3 4) ae _ sin? 34 
~  1+eos?3A—1 2cos'*d4 cos’? ZA 
sin 4 + sin 34 + sin 5A 
cos 4 + cos 3A + cos 5A 





(24) Prove = tan® 3A. 


= tan’? 44, 


(25) Prove that = tan 3A. 


By formula, page 29, 
sin 4 + sin 5A = 2 sin 34 cos 24, 
cos A + cos 5A = 2 cos 34 cos 24, 
sin 4 +sin 34 +sin 5A =sin 34+ 2 sin 34 cos 24, 
= sin 34 (1 + 2 cos 24), 
cos A + cos34 + cos 5A =cos 3A +2 cos 34 cos2A 
= cos 3A (1 +2 cos 24) ;s 
_ sind +sin34+sin5A _ sin 34 (1 +2 cos 24) 


‘ cos4 +cos34+cos5A cos 3A (1 + 20s 24) 
= tan 34. 
(26) If 4+ B+C=490°, prove that 
cot A + cot B + cot C= cot A cot B cot C. 


cot A cot B-1 


By Art. 19, cot (A + B) = ot D+ cot” 
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Put 4+ B for A, and C for B, and we have 


cot (A + B) cot C-1 
SOR re) = oot Cree t By ~e 
because the cot 90°=0; 
.. cot (4 +B) cot C-1=0, 
cot (4 + B) cot C=1, 
cot A cot B— 1 
Sethe ee 
cot A cot B cot C — cot C= cot 4+ cot B; 
*. cot 4 cot B cot C=cot A+ cot B+ cot C. 


(27) If 4+ B+C=180°, prove that 
cos? A + cos? B + cos? C + 2.cos A cos B cos C=1, 
cos A =—cos(B+C)=— cos B cos C + sin B sin C, 
cos*A =— cos A cos B cos C + sin B sin C cos A, 


cos’ B = — cos A cos B cos C' + sin A sin C cos B, 
cos’ A+ cos’ B 


=—2cos A cos BcosC + sin C(sin B cos A + sin A cos B), 
cos’ 4 + cos? B + 2 cos A cos Bcos C = sin C sin(A + B) 
= sin Csin C = sin’ C 
= 1—cos’*C; 
-. cos’ A + cos* B + cos’ C + 2cos A cos B cosC = 1. 
On the same supposition, 
sin 2A +sin 2B+sin2C=4sin A sin B sin C, 
sin 2A +sin2B+sin2C 
=2sin AcosA+2sin Bcos B +2 sin C cos C, 
but cos Ad =—cos(B+C), cosC =—cos (A+ B), 
and sin B=sin(4+C); 
. sin24 +sin2B+sin2C =— 2 sin 4 cos(B+C) 
+2 cos B sin(A+ C)—2sin C cos (4 + B) 
= (by expanding) 
—2sin Acos BcosC +2sin A sin B sin C, 
+2sin AcosBcosC+2sin Asin B sinC, 
—2cos Acos B sin C, 
+2 cos A cos B sin C, 
=4Asin Asin BsinC. 
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Also, sin 4 +sin B+ sin C= 4cos3A4 cos§Bcos3C: 
sin C= sin (4+ B), 
sin A + sin B=2sin4(4 + B) cosi(A-—B), 
sin C = sin(A + B)=2sin 3(4 +B) cos(A + B), 
4(A +B) =90°-4C, 
sin 3(A + B) = sin (90°~4C) =cos3C, 
sin A +sin B +sin C=2 cos 3C {cos (A + B) +cos 4(A — BY, 
but cos (A +B) +cos 4(A — B) = 20s 3A cos 4B, 
+ sind +sin B + sin C= 4cos 44 cos 4B cos 3C. 
Or thus; since A+B+C= 180°, then 34+4B+14C = 90°, 
sn A+sin B+sin C 
=2siniA cos}4 +2 sin 3B cos $B +2 sin $C cos $C 
=2cos3A cos (3B +4C)+2sin 3B sin ($4 +23C) 
+2cos4C cos (4A + 3B), 
= (by expanding) 
2cos4A cos 4B cos $C —2 sin 3B sin $C cos 4A 
+2cos4A cos iBcos3C+2sin$B sin ZC cos 3A 
+2singB sin$A cos 3C 
—2sin3Bsin $4 cos $C 
= 4 cos $A cos $B cos $C. 
(28) If sin 2x =(sin 3x)’, show that 2=15°, 
Subtracting each side from unity, | —sin 22=1 — sin’ 32, 
cos’ x — 2sine cosx + sin’ x = cos* 3 x, 
cos r— sinc = cos 83v=4cos’ # ~ 3 cos x, 
sin 4 = 4 cos a (1 — cos*x) = 4cos 2 sin* 2; 
. sing=0. .. r=0, ora, 


; 1 
and 2 sing cosr=<, 


: 1. 
or sin 2z=5=sin 30°; 
ae oe Bs 


(29) cos 4+ cosy =5 (/2 + /3) 


, find « and y. 
cos 32+ cos 3y =— 


/2 
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The second equation is the same as 
4. (cos’ x + cos® y) — 3 (cos « + cos y) = — 533 (page 28.) 


*. cos® z + cos? 1/54 3/3 ~4, 
Y~alje* 72° 7 as’ 


or (cos x + Cos y) (cos* x — cos x cos y + cos* y) 


=i (y2+*s); 


a P+ BN) 
J/2+,/3 


, by multiplying by (,/3- ./2); 


*. COs" x — COS X COS ¥ + COS tyoh Peete 
_2,/6+9-4-3,/6 
7 4 

4. cos? 2 — cos z cosy + cosy = 7 (5 — ./6), 

but cos’ x + 2 cos x cosy + cosy =~ (5 + 2,/6); 

i 8 cos x cosy = = -3/6; 
1 
2 COS 2 cosy =7 /6; 
*, cos*x—2Zcosez cosy + costy = 2 (5-2/6); 


*. COS x — cosy =+ 5 (/3 — /2)3 
but cos + cos y =5 (/3 + /2). 
By adding these equations, we have 
cose =, or 733 . x= 30°, or 45°. 
By subtracting them 


1 J3 
= ue. = 45° or 30°. 
COS ¥ B » or Q ; ¥ 5 
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(1) Prove the following theorems, 














2cosgd_ 2tangd _ 2 
na Goud sea deny a corks 
1 
r euka ern” 
ee sin2A_cosect}d—2sin $4 _ cot $A ~tan3 4 
2sin A cosec 4A ~—cot4A+tan dA 
: 1 
~ 1 +tan Atan £4’ 
2 Q2cotsA4 1+secd 


(an Awe a 
cotzd4-tangA cot?sA—1 cotdA ’ 


sec? 4 A cosec’ $ cot 34 +tan dA - 


seC A Sa ee eS 

> 2—sec?}A cose? t4—2 cots A— {—tandA’ 
co?4A—1 2-sec’4A_ cosec?}A —2 

CO ae i ee 
2cot 3A 2tan4A 2cot4A ’ 

2 

sutee dc ote AT lanes fee g A cosec dA 

2tandA 2 2 


(2) cos‘ A —sin‘ A =sin2 4. 
(3) tan (45° + A) + tan (45° — A) = 2 sec 2A. 


(4) tan (45° + A) -5 tan (45°— A) =tan 2A. 


a 
l+sin2A tan2A+sec2/4° 
sin2A 


(6) re +cos2A=1. 


(7) 4sin* (30° +A) =2sin* A +,/3.sin 2A +1. 
(8) cos2A + cos 2B =2cos (A + B) cos (A — B). 


OF Sea el vee A 
(10) 8cot2A cosec? A = cot A cosec’ A — tan A sec? A. 
(11) (cosA +,/-1 sin A~1) (cos 4—,/—1-1) 


=4 sin’ 4A, 
D 


(12) 


(13) 
(14) 


(17) 


(18) If 


(19) 


(20) 


(21) 


(22) 
(23) 
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Prove that ee =4 cot : -: cot oh : 
Shew that tan 9°=1+,/5—,/(5+2,/5). 
Prove that tan (45° — x) tan (45°— 3.2) 
_ 1—2sin 2x 
1+2sin 22° 
Eliminate @ from the equations 
cos? @+a cos@=86; sin?@+a sin d=c. 


2 
~ I 
and cos’ ¢ = -, 





If tan 6 = tan’ ¢ : 


2 
{(cos 6)8 + (sin 6)3\8 © 
1 — 2 cos 2a 
1+2 cos 2a 


shew that m = 


tan (a4 + 2) tan (a—.2) = » find sin z, 


x = 30°. 
ntanz —m tan (a—z) 


cos* (a ae 2) re cosa , shew that 





nm—m 
tan a. 
n+m 


tan (a— 2x) = 

If 42 = 3a cos 6 + a cos 36) shew that 
4y = 3a sin §~asin a (a? — x? — 7) 
= 27a xy’. 
If sin (8 + 2) +sin (2a—£ + 2) 
=(cos* 6 ~ cos’ a) sin (a + 22) — sin a (sin® G —~ sin’ a), 
shew that sec x = sin (a + 8) tan (a — #). 

x 


1+2*° 





If 2 tan” a2 = sin” 2y, then y = 


cos ¢ + cosd =a 
cos 5 + cos 50 = 6b 


Given vers (1 + 2) — vers“ (1 — 2) 
= tan 2 ,/(1 — 2°), to find z, 


Given { find cos d and cos 0. 


x=], 5 and —1. 
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zal I =a} 1 _ 
(24) tan (@4)- (5) = 53 find x, 





game 
~ «/3 1° 
(25) seca — sec} = sec* 5 — sec, find 2, 
x=+ab. 
1 1 w 
C a ~l,y, — —1 7 pb eS eat 
(26) tan“ a — tan” y = tan By tan” = =Jo> 
find x and y. 


(27) Prove that 4 + tan“ (cote 4) = tan™ (cot 4). 
(28) Find the sum of z terms of the series, 


tan7 a + tan7 + tan &ce. 


Qa a 
1+1.2a 142.30” 
(29) If A+B+C= 180°, then 
(1) sin? 3 44+sin? I B+sin?}C+2sindAsind BsiniC=1. 
(2) tan A + tan B +tan C= tan A tan B tan C. 
(3) cos2.A+cos2B+cos2C=1-4sinA sin B sin C. 
(30) If 4+B+C=90°, then 
(1) cos2 4+cos2 B+cos2C=1+4+4sin A sin B sinC. 
(2) tan A tan B + tan A tan C+ tan B tan C =1. 


(3) tan 4 + tan B+tan C=tan 4 tan BtanC 
+sec A sec B sec C. 


CHAPTER III. 


16. There are six parts in every plane triangle, viz., the 
three sides and the three angles, any three of which being 
given, the others can be found, except the case where the 
three angles are given; for it is clear that if you draw an 
indefinite number of lines parallel to the base AB of the 
triangle ABC, all the triangles so formed will have their 

D2 
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angles equal, but the triangles may have their sides of any 
length whatever (see fig.) The angles of a triangle are 
generally designated by 4, B,C, and the sides opposite to 
them by the letters a, 6, c. 

The first proposition which we set out to prove is the 
following : 

The sines of the angles of a plane triangle are propor- 
tional to the sides which subtend them ; that is, 


snA:sinB:: a: 6b. 


From any angle C of the triangle ABC, c 
let fall the perpendicular a then, by the b a 
definitions, 
CD, ep : Dp 
4c 78, and op =n B, A c B 


dividing the former by the latter, we have 


snA CD CB CB 


—_——— —- 


sinB AC’CD AC’ 
ze snd: sinB: CB: AC: a: 6. 


In a similar way, by letting fall perpendiculars from A 
on BC, and B on AC, we have 


sin B: snC: b: 6, 
sin A: sin@ :: a: c. 
We now proceed to find the cosine of an angle in terms 
of the sides. 
When the triangle is obtuse angled. 
By Euclid, Book II. Prop. 12. 
BC’= AB’ + AC*?+2AB.AD... (1). 


Now aD cos CAD =— cos BAC, 
AC 
because the cosine of an angle is 
equal to minus the cosine of its supplement ; 
. AD=— AC cos BAC, 
this substituted in (1) we have 
BC* = AB* + AC’- 2AB.AC cos BAC, 


c A D 
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a’=c*+b*—2bc cos A; 
2 2 2 
c+ 6? —a 
*, cos A = ———— 
2bc 





When the triangle is acute angled, as in the first figure, 
we have, by Euclid, Book II. Prop. 13, 
AC? = AB? +BC’~2AB. DB... (2). 
DB 
Bc = 003 B: - DB=BCcosB; 


this substituted in (2) gives 
AC? = Ab*+ BC’—-2AB. BC cos B, 


or 6%=c?+a’—2ac.cosB; 








w+c— 6? 
“te cos B= ae 
2ac 
Now, by putting c for a, and a for c, and A for B, we have 
Pace 7 
cos A = ae 
In the same manner 
eee 
Cos Ce ==" 4 
2ab 


17. By p. 27, cos A =1—2 sin’ } 
6 +c?~ a? 
st 2 sin’; A =1—cos A=1 ~~ — 


2%bc—b?-Ce+a 





= 2bc 
_ a — (6° — 2be +c”) Ceo 
2bc Zbe 


Now, since the difference of the squares of any two 
quantities is equal to the product of the sum and difference 


of the same quantities, we have 


ee (a+b—c)(a—b+¢c) 
2 sin? A=. (1). 


Also, by p. 27, cos d= 2 cos’ A-1; 
b'+c*—a* 260+ 6? +c?—a’ 


*. 2cos’3;4=1+cosA=1+ oie abe 


_(b+eP—a _(6+c+a)(b+e-a) : 
Oy ee uanmaeee © eae (2). 
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Multiply (1) by (2), 

; a+b+c)(at+b—c)(a—b+c)(—atb+c) 
4 sin*4A cos’4A = Oe Oe z a M 
Extracting the square root, 


2sin 3A cos $A= f eretoler ne) ele, 


but 2sin34 cosi.A = sin 4; 


Fen i asd CE a Ce | lc) Cis dC ePOCE ese); . (3). 


This is generally put under a different form by putting 
the perimeter 


at+b+c=2s8. 

From this equation subtract 2c, 

at+b—c=28-—2c=2(S-—c). 
From the same equation subtract 2b, 

a—b+c=2S8 — 2b6=2(S—b). 
Also from the same subtract 2a, 

—a+b+c=28 —-2a=2(S—a). 
Substituting these values in equation (3), 
sin A _N {28 2 (S—c) oe 2(S—a)} 

_N{16(S - a) es b) (S—e)} 


piSS=n6-DS-2) nes (4). 


This is sometimes done in the following manner :— 


67+ c*- 
sin? A = (1 — cos 4) (1+ cos A) =(1 -7*i-*) 


; b? +c? — “) 
( + “abe 
_(a +c-—b)(a+b-c) (b+c+a) (eile 
4b*c* 
whic is the same as equation (3). 
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From equation (1), 


(a+b—c)(a—b+¢) (S— eee, 
sin3A = -, |S Abe - (= 
From (2), 


ae fore aeeen® tera Oven) Nee ; 


; sind A (S — b)(S—c) 
e064 cara = S(S -a) 

These values being of great importance, we shall collect 
them for easy reference. 





sin d= = {S(S- a)(S—6)(S—c)}...... (a), 
sin} A = fee 9 ie iain tones a (6), 
nc 
tan 14 = J ae Star sie) es neha (d). 


By the same method as above, sin B and sin C may be 
determined ; but they may be more easily found from equa- 
tion (4) thus, put B for A; a for 6 and 6 for a, and we have 


sin B=— /{S(S—a)(S-) (SS 6)} cease (e). 
Also putting c for ss a for c, and c for a, we have 
sinC == /{8(S- ~—a)(S—b)(S—c)}...... Cf). 


PRACTICAL OBSERVATIONS. 


Equation (a) may be used in all cases where A does not 
approach near to 90°. 

Equation (6) may be used in all cases where A ap- 
proaches near to 90°. 

Equation (c) may also be used in all cases where A ap- 
proaches near to 90°, 
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Equation (d) may be used in all cases where A does not 
approach near to 180°. 
AB.CD 


18. The area of the triangle 4CB = ——_—_., 
2 
but Oe aay *, CD=AC sin A; 


AC 
AB. AC sin A 
ein (5). 


~ 





Where A represents the area of the triangle. We may also 
express the area of a triangle in terms of the sides from the 
above. 


By equation (4), 
sin A= > /{S (S- a) (S—b)(S—c)}. 
This substituted in equation (5) gives 
A =3 AB.AC.;- JS (S—a) (S~6) (S-0)} 


= 5 be.7- /{S(S— a) (S—5)(S- 0} 


= /{8 (S—a) (S —b) (S-o)}. 


19. When two sides and their included angle are given, 





a_ sind 
b snBo 
Add unity to each side of this equation, 
a sin A a+6 sinA+sinB 
fag Oe eg 


Subtract unity from each side of the same equation, 
a _ sin A _ , a-b snA-sinB 
6 “snBo°’? “6 "sn Bb 
Divide (1) by (2) and we have 
a+b sindA+sinB 
a—b sin A—sinB’ 
But by Art. 17, sin 4+ sin B=2 sing(A+B)cos3(A-—B), 
and sin A —sin B=2sin3(A — B) cos 3(A +B); 


(2): 
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atb RSA Aa lt Coe ~ B) ; < 
* a—b ,2siné (A— ~B) co: cos¢ (A+B) “"" pASB)CottA-2) 
_tang(4+B)  — cot3C 
~tan$(A —B) tani(4—B)’ 
since tan $(4 + B)= cot 3C. 
In logarithms, 
log tan $(A — B) = log (a - 6) — log (a + 6) + log cot 3 C. 
e snC 
From — a ain Ae have 
log setae a he sin C—log sin A ; 
¢ may also be found from the formula, 
a’ + 6? —c* 


cos C =—- Pe eae which may be adapted to logarithms 


in the following manner: 
cf=a?+ 8 —2abcosC; 
but cos C=1-2sin?iC; 
“. C=a?+ b?-2ab(1—2sin’5C) 
=a’ +b? —2ab+ 4ab sin’ 
= (a—b)?+ 4ab sin’? sC 








= (a— 6)’ {1+ ony sin’ 3C}; 
Se ea. 4ab n?iC= eo b2 sin $ ae 
Ce a a-b $? 


which, being a square, is necessarily a positive quantity, 
and as this may be of any magnitude whatever, we may put 

tan’ 6 = a i sin’ 3C; 

then c’ = (a— 6)? (1 + tan’6) = (a —b)* sec’ 6; 
*- c=(a—bd) sec, 
which is adapted for logarithmic computation, thus: 
log c=log (a—6)+log secO-10. - 
The following is useful in cases where a and 6 are 

nearly equal : 

c=a’+bh?~—QabcosC; 

but cos C=2 cos’3C-1; 
DS 
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. =a’ +b? —2adb (2 cos* $C — 1) 
=a? + b* + 2ab~— 4ab cos*$ C 


2 
= (a+b) — 4ab cos’3 C = (a + 6)? {1 _ tren } 
2 
Now ea is always less than unity, 


for ,/ab is less than 3(a+)*, or (a+ 6)* is greater than 
4.ab, and since the cosine cannot exceed unity, it is evident 
that the above is a proper fraction, and we may put 

26 _ 4ab cos? 3 C | 

sin’? § =— Gin 

, c'=(a +b)’ (1 —sin’ 6) = (a + 6)’ cos’ 8, 

or c=(a +5) cos, 

log c = log (a + b) + log cos @—10; 


4 


2a" b 


since tan 0 = 
a—-b 





sin 3C, 


log tan @ =log 2 +5 log a + slog b + log sin} C 
— log (a—b). 





: : 2a” b 
Also, since sin @ = aah 03 £C, 


log sin 0 = log 2 +5 loga +5 log + log cos $C 
— log (a + 6). 


ON THE AMBIGUOUS CASE. 


20. When two sides of a triangle and the = 
angle opposite one of them are given, there 
is evidently an ambiguity ; forif CAbetaken 4 
less than BC, but greater than a perpendi- 





cular from C on BA or BA produced, and if — 
with C as centre and CA as radius, a circle be ® e 
* oi > ab or a@+b>2,/ab or a? +2ab +b? >4ab, 


or a?—-2ab+6°>0, or (a—b)*> 0; 
for any even power of a quantity is positive. 
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described, it must necessarily cut the line BAA’ in two 
points, while in all other cases it will either fall short of it 
or touch it only in one point. When AC is less than a sin B, 
the triangle is impossible: but when AC =a sin B, the tri- 
angle is right angled, and there is no ambiguity. And when 
AC is greater than BC, there can be only one triangle, and, 
if it fall between these limits, there is an ambiguity, for 
there will be two triangles having the same data; thus when 
the least side AC is opposite the given angle B, it is evident 
that either ABC or A’BC may be the triangle required. 


21. To find the area of a triangle in the terms of the 
radius of the inscribed circle, and sides of the triangle. 


The triangle ACB is composed of the triangles AOB, 
AOC, and BOC ; O being the centre of the inscribed circle. 








Now the area of the triangle C 
AB.OD cr 
AOB =— : G0 
sees 
2 2 o 
PF 
Boc =20- 8" a i. 
Hence the area of the whole triangle A D B 
ar br cr atb+te 
ACB= eo to fe = 9 
» b e e 
Since 272° FE — S, the semi-perimeter, we may express 





the radius in terms of the sides; putting, as before, A for 
the area of the triangle, 


A 
A=71S; TG vrete eee retneneeees (1); 


but A=,/{S(S—a) (S—) (S—c)} by p. 56; 
1 raM{SS=a) (S=2) (8-9) 


= /8-2S-E-9 
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22. To find the area of the triangle in terms of the 
radius of the circumscribing triangle and the sides. 

By the 20th prop. of the third book pete 
of Euclid, the angle AOB is double the { 





angle ACB. 

Draw OD perpendicular to AB, 
which will bisect the angle 4OB and 
the side AB. 


Now by p. 56, 


A 
,AC.CBsinACB_AC.CBsinAOD © N° 


2 2 
_ba AD ba 1 AB _abc 
~ 2°OA 2°2°0A 4R° 
We may now find the radius of the circumscribing circle in 
terms of the sides; for since 


~ 





abc abe abe 
ST are? 4A ~ 4,118 (S=a) (S=5)(8— oy 
Multiplying (2) by (3), 
Rr= abe _ abc 
4S 2(a+6+c) 
By dividing (3) by (2), 
RK abe 
r  4(S8—a)(S — 6) (S—c)’ 


Examples. 
(1) Ina plane triangle if a, b, c be the sides, and A, B,C 
the angles, prove that 
c =b cos A + ,/(a*— 6 sin? 4). 
6? +c? — a 
2be 
2bc cos A = b? + c* — a?, 
c? — 2bc cos A =a’ — 9’, 
c?— 2bc cos A + 6° cos’ A = a’ — b* +. 8° cos* A 
=a’ — (1 — cos* A) b’, 


Since cos A = 
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c’— 2bc cos A + 6? cos? A = a*®— 6 sin’ A, 
c~bcosA_ ,/(a*—b* sin’ 4), 
c=bcos A +,/(a*—6’sin’ 4). 


(2) Find the area of a square when the difference be- 
tween the diagonal and the side = m feet. 


Let «x = side of the square, then x + m = diagonal, 
x’ + a? =(xr+m), or 2x° = («2 +m)’, 
z /2=xr+m, 
2 /2—-x=m, 


2(,/2-1)=m, 
he 9 
eae as as (/2+1)m, 
a? =m? (,/2 +1)*. 
(3) Given the area, angle C, and a +6; find the sides 
of the triangle 
ab sin C = 2A, 
DiS 
Let at+b=™m, 
a’ + 2ab +6? =m’, 
sa 
sin C’ 


* a®—2ab+60?= — 


enue va 2) 


but a+b=m; 


a 


— 
— 


4ab = 











Po) a 
m=, /(n*- 84 ) 
he sin C 
Q 3? 
a’ +h? — 2 
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whence c may be found; or c may be found by the formula 


c* = (a +b) — 4ab cos® a (p. 58). 


(4) Given c, the base of an isosceles triangle, and p the 
perpendicular from one of the equal angles upon the op- 

pe 
4,/(c-p’)" 
By the 13th Prop. of the second book of Euclid 

AC? =c? + BC’—2BC. BD, c 
but AC = BC; 
« BC’?=c?+ BC’-2BC. BD; 


‘yal 2 


sgh ee ae D 
BC= FED 2 /(c PD: 


aes _ BC. AD pe 
OB a= pF) 


(5) If 6 be the angle between the diagonals of a paral- 
lelogram whose sides a and 6 are inclined to each other at 
an angle a, 


posite side: shew that the area = 


& 


b e 
then tan@= =< oe 





a 
Let DB =a, and AB=48, B a__iOD 
then a’? = OB? + OD* + 2B0. OD cos 9, b 
b? = OB? + AO* ~ 2A0. OB cos 8, 
a’? —b*=2A0.0B cos6+2BO.0Dcos6 a C 


= 2B0(A0+ 0D) cos 6 =2BO.AD cos 8, 
area of parallelogram =ab sina; but 4D.BOsin 0 is also 
equal the area, hence by division 
absna AD.BOsin@ 1 





@—8 = 2B0.AD cos 8 ~ 3": 
*, tand= eee ; 


(6) Ina triangle ABC prove that 
sin(A-B) a’-# 
snC ~~ ¢& 





? 
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sin(4— B) sin A cos B — cos A sin B 


sin C ain sik 
sin A _ un cos A 
=n 6 OF - ainC 


a@+c—bi b bY +c? a" 


“ec ac c 2bc 





~ QF Qc? 
a’ — 
= ~~ 
(7) Prove that the area of a triangle ABC 
_ a’ +b? + ¢ 
~ 4(cot A + cot B+ cot C)’ 
B74. 8 a? 
Since cos d = a , and by p. 56, sin 4 = = 
2, pn? 72 A 
cos B= HEI" dn B=; 
24 f2_ ¢3 ; A 
cos C=" cs sin C=". 


By dividing each in the first group by the corresponding 
one In the second, we have 
B+? — Q? 24 p 2453. ¢? 
tk S., cot B=-—— cot C= : 


ee iA? aA 
.. by addition, 











BP+i-agtaetc?—h+a7+0?-—C 
cot A + cot B+ cot C =— rams peer aE ane en 








een 


4A 
+R +0 
oan V. Waa : 
we a’? +h? + ¢7 
~ 4(cot A + cot B+ cot C)* 


(8) From the top of a mountain a miles high, the visible 
horizon appeared depressed A°; required the diameter (2r) 
of the earth, and the distance (d) of the horizon. 


64 TRIGONOMETRY. 


In the annexed figure CM=r+a, # - 
and since HMB=A, BCM is evidently=4, 
CM cos A = BC or (r +a) cos A =7, 
acotA 





8 acos A _1l-cosA | : 
~ 1—cos A sin A ” 
(Dividing numerator and denominator 
by sin 4) 
acotAsinA acotA.2singAcos3A 
2sin9g4 — 2sin*¢ A 
=a cot A cots; 4; 
L 
on cot A, or a= cot 4; .. d=—_ =e sl 
=acot$sA. 


(9) If L=Jength in miles of an arc of a great circle of 
the earth, and D the depression in feet of one extremity of it 


below a tangent to the other, then D = ; L’ nearly. 


AC =7920 miles nearly, AB= L, HB= D feet =o miles, 


*. the triangles AH[R and ACB are similar ; 
« AB: £2: LD: AC, 


D H A 
5280 ° pe aeRO, r 
7920 7, 
“50807 
3 3 
D.5=L', 


27? 
» D= aa nearly. 


(10) Given the perimeter, and the area of the triangle, 
and the angle 4; find a. 


By p. 55, cos ga, /70~9), 
Cc 
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; QA 
be sin A = 2A, . bc= Sind? 


ice SS-¢) . = 1-98- 26 sin 3 4cos 3A. 


i by sin 34 cos $ A, and 
= me, or Sa= S*—-Acot3 4; 


cot $ pa=—5 
S*?—Acot 5a 
so 
(11) Given the area, side c, and 4+ B; find A —B. 
a? + 6?—¢? 
Since cos C = ax ee 
a’ + 5b? — c? = 2ab cos C, 
a’ + 6? =c'+ 2abcos C, 


cos’ 3 A = 








°° a= 





4 
aie sin C’ 
a’+ 2ab + B= + Qab cos C + 40 
sin C 
44 cos C + +o 
sin C sinC 


=c?+4A {cot C+,/(1 + cot? C)}, 
a+b=,/[c? +44 {cot C+,/(1 + cot? C)}]. 
In the same way 
a—b=,/[c?+ 4A {cot C—,/(1 + cot? C)}], 
a+b tangA+B _ thteieg oubemn moc) 
a—b tangA—B A/ c+ 4A {cot C—J(1 + cot® C)}’ 
c° +44 {cot C-,/(1 + cot?C)} 
es tang (4+ B)/S 914A. re cerecaais 


(12) If from one of the eae of a rectangle a perpendi- 








cular be drawn to its diagonal, and from their intersection, 
lines be drawn perpendicular to the sides containing the 
opposite angle, then putting P and p for these last perpen- 


culars, and D for the diagonal, Pi + pe = Dh, 


Let the angle BAG = 0, then AD sin @= DE= P; 
AC® 


but by (Euc. vi. 8th Cor.) AB. AD=AC’, ». AD= — 


AB’ 
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but AC = AB sin 06; 


AB? sin* 6 _ ‘ eee 
<AD= AB = AB sin 6; Ny a} 


and since P= AD sin 6, we have — 
P= AB sin® 6 =D sin’ 6, 
In the same way we have 
p= D cos’ 8, 
-, Plz Di sin? 6, and ae D* cos? 6. 
By aiditiod, 
P34 p = D3 (sin? 6 + cos? 6) = pi. 

(13) Iftwo circles, whose radii are a and 6, touch each 
other externally, and if @ be the angle 
contained by the two common tangents 
to these circles, shew that 


4(a - b),Jab 








sin 6 = 
~ (a+b)? 
Lett AB=2, OB=EC=a+b, CD=BD- EO=a-); 
BD DC a-6b 


Os ap eget? 


cos 39 = ,/(1 — sin’ 56) = {t- - GBS 
poe d ie 


a a La a6) 








(14) To find the distance between the centres of the in- 
scribed and circumscribed circles, the figure being the tri- 
angle ABC. 

Let O and o be the centres of cir- 
cumscribed and inscribed circles, 

Oo=6, OA=R, on=r, 
sasctt Meal 
~ sing A’ 
4 OAo= OAC —0Ac 
= 3 (180° ete —iA 
=90°-~B-—iA Se eee 
= 90° B~ {90° ~ }(B +0} 
er 4(C- i" ); ’ 
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6° = Ao* + Ao’ ~ 2 AoAo.cos OAo 
7 2R 
me sin? 1 4 4A sin iA ‘nian ee 
. (°—&’) sin’ 4A =r? - 2Rr.sin $ A cos 4(C — B) 
=r'—2Rrcos 4(B+C) cos 3(C — B); 
*. (0° ~ R*)(1 —cos A) = 2r* — 2Rr (cos B + cos C). 
Similarly, 
(0? — R*)(1 — cos C) = 27° — 2Rr (cos B +cos A). 
Subtract 
(6? — R*)(cos C—cos 4) =—2Rr . (cos C — cos A), 
v. OF — RF = —2Rr; 
 &= R-2QRr; » 6=,/(R?-2Rr). 
(15) If the angles of a triangle be in geometrical pro- 
portion, ratio ; , the greatest side 


= 2 perimeter x sin 12°51’25” : ; 
Let P=a+b+c, a = greatest side, 
A+4A+1A=180° 
4A = B, 1A = CG, 
5 


A = 102°51'25” 7 
B= 51°25’ 49” ° 


3 
C= 25°42'51” 7 


Poatbsonafts 2+ healer rs ee 
a a snA sind 
sin A +sinB+sinC 
SSS Se SS 
sin A 

eee P sinA 
- 4~ sin A +sin B+ sin C 
2PsingA cos$A _ PsinjA _ 





~ 4cos 4A cos$B Bcos§C 2cos 4B cos “cos 3C° 
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But 14=B, 3} B=C, 
_ PsnB 2PsiniBcosiB_ PsinCcosC 
~2cosC costC” 9 cos C cos } C  cosC cos3C 

_Psin’ 2PsingCrosgZl 
cos$C cor 3 C0 








=2PsingC, 


= 2 perimeter x sin 12° 51/25” 2 . Answer. 
P 7 


(16) The sides of a triangle are in arithmetical proportion, 
its area = of the area of an equilateral triangle, having the 


same perimeter, shew that the greatest angle =120°, and that 
the sides areas 3: 5: 7. 


Let a~—2z, a, a+x=the sides, then 3a = perimeter ; 


.. a=side of equilateral A, and 5 = half its base, 


2 2 
/(¢-4)- JS 3 a = 1518 «the altitude =5 ,/3. 


Now -.° both A’s may have the common base a; .’. area 


equilateral A : area of the other :: altitude of equilateral 
A : altitude of the other ; 





or, 1 5 G3: Te /3= AD, 
J {era 0) Ste an! 00” las 
Jf tara Zo ajaat, /a-27- ath; 


*. (a+) - ia a® 


_ 7? T tfc Nee 21 ee aes 
eas {(@— 2) 10073 * 2) 100% 


27 
or, 2Zax=a +2a,/{(a 2) 06 Qax, 
Pua 2 
4ax=a*+ 2a Je —x)*- se a’\, 
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ay aig tao sate, 
Aa a-2, 2) 100 233 


162°-8azr+a*= 4(a-ay— ZI a’ 


= 4a*— 8ar +4277 — 20 42 
95” 


1229=3a?— 2 @ 
95? 
9 
2 gt Yq? 
Aga ry 
16a? 
2 ——- poaeem 
sci) 
a 
: aR = 54, 
3 
CR ee 
at+a=~a, 


AC=3, BC=5, AB=7, 


: “- » a, a are the three sides, which are as 3a, 5a, 7a, 
or as 3, 5, 73 
cos C= At BO AB? _ P+ P= TL 15 1 
~ @AC.BO — 2&x8x5 ~~ 30 Q’ 


but cos 120° =— = , therefore C = 120°. 


(17) The angles of a triangle are as the numbers |, 2, 3; 
and the perpendicular from the greatest angle upon the 
2 


opposite side is p. Shew that the area = are 
A+2A43A =180°; 
« A=30°; B=60°; C=90°. 
sin A: sin ACD :: »: AD, (fig. p. 52) 
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3 
sin ACD 2 
2 
sin BB: sn BCD :: p : DB, 
1 
sin BCD Q p 
eR sin BB PTS 8? 
2 
—~ AR- P__Sptp_ 4p 
a ala CO a js 7 3’ 
_ABxp _ 4p p_ 2p" 
but area = - = Bo 1B 


(18) The angles of a triangle are as the numbers 2, 3, 5, 
and the side opposite the greatest angle = 100 feet ; find the 
remaining sides and the angles: 


2443A+5A=180"; 





“. A = 36° 
B = 54° } the angles, 
C =90° 
snO:snB:: c: b, 
sin B 
=e sin 0’ 


log b = log c + log sin B — log sin C, 

logc=log 100 =2°00000 
log sin B= log sin 54° = 9:90796 

11:90796 
log sin C'= log sin 90° = 10:00000 
1:90796 = log 80°9- 
sin@: sind ::c: a, 

sin A 
sin C" 
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log a= log c + log sin A — log sin C 
log c=log100= 2°00000 
log sin A = log sin 36° = 9:76922 
11°76922 
log sin C = log sin 90° = 10:00000 
1-76922 = log 58°78 
a= 58°78) . d 
b=sog f "des: 
(19) Find a point within a triangle at which the three 
sides shall subtend equal angles : 
BC=a AP=z 
AC =b BP =y ; 
AB=c PC =z 


Then z APB = BPC = APC = 120°; 
., the cosine of each = -5, and the sine of each = ve ; 
a= BP? +PC-2BP. PC cos 120° 
= BP + PC?-2BP. Pc(- 5) 
= BP?+ PC’?+BP. PC, 
B= AP? + PC’ + AP. PC, 
C&=AP*+ BP? +AP.PB = x 
a+ bi + ci = Qa" + Qy? + Qz2 4 ry + ys + x2. 
Let A ABC =m’, 
m= A BPC +OAAPB+AAPC; 
2_ yzsin 120° zy sin 120° | xz sin 120° 
nt = 


v3 (xy + yz +22), 


3 
3” 
Say + 3y2 + 82x2=4m*,/3, 
But 2 (2? +? + 2°) + (wy + yz +22) =a? + b? +c*; 
oe 2a ty +3") +4 (cyt yztr2) =a? +b? +08 4+ 4m',/3, 


ry + Y% + arZ= 
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3 5? 3 
c+ yr +2242 (ry +y3 tae) = (Cte +em'/3), 


2 g 2 


r+y+z=, 
aty=—B—3, 
a+ Qay+y%=(8—2)*, but a? + 474+ ry =c’; 
. sy=(B-—sz) —c’. 
4m?® 
Also, since ry + 23 + yeas 


4m* 
ty = “Te —z(y+x2); but r+y+z=f; 
4m? 
* 3 yg es 
4on* 
. a a cl) ea 
2 
or (B—s42)(B-2)-c =; 
Z 4m? 
oe Bp a dda. 
4m a?+b?+c’ ; 2 4m? 
ee eng gee J/3-¢ —"93 
a’+6?—c® 2m? 
= ——_————- +-——; 
2 J/8 
; oe (eee 
: saa: ge Tig) 
1 (0° +c? —a? om) 
Also eng (ee ’ 
a 1 (“e=" 52) 
I~ B\ 2 Jal" 
(20) An object 6 feet high, placed on the top of a tower, 


subtends an angle = tan -015, at a place whose horizontal 
distance from the foot of the tower is 100 feet, determine the 


tower’s height. 
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Let DAB=a, AD=x2, AB=y, 
then tana='015, .. a=51'33"; 
* sin a =‘01513, cos a = ‘99989 nearly. 
Now 24 DAB=xy sin a ='01513 zy. 
Also 24 ADB = AC x DB = 100 x 6 = 600; 

*. 015 xzy = 600, 
xy = 4000 

COS @ = 5 a or 9999 = = he : , 


x+y” — 36 


j eee 2 ae 
9999 == oo ats at + y* = 80028 


2x2y = 80000 


’ v4 Qay+ y= 160028 
x —Qary + y? = 28 

z+ y= 400°035 
r-y= 5291 





A Cc Qx = 405°326 
= 202°663 
Qy = 394744 
¥ = 197372, 
=/(y*- AC) 
= ,/(197°372? - 100°) 
= ,/28955°76384 
= 170°23188 feet. 
(21) From the top ofa mountain 3 miles high, the visi- 


ble horizon appeared depressed 2° 13’ 27’; required the 
diameter of the earth, and the distance (d) of the horizon. 


Referring to the figure and formule at page 64, we have 
r=acot A cot $4, 
“; = cot A, r=dcot A; 
.. acot A cot 34=dcot A 
d=a cot 34. 
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Herea=3miles, and A=2°13'27”; 
v. d= 3 cot 1° 6" 43)” 
log 3= 0°47712 
log cot 1° 6’ 434” = 11°71194 


12°18906 
10 
218906 = log of 154°54; 
d= 154°54, 
r=acot Acotid 
= a cot 2° 18’ 27” cot 1° 6’ 433”, 
log r=log a +log cot 2°13’ 27” + log 1° 6’ 433” — 20 
log 3= °47712 
log cot 2°13’ 27” = 11°41075 
log cot 1° 6’ 434” = 11°71194 


23°59981 
20 


3:59981 = log 3979 
*, r= 39079; » 2r=7958. 
(22) A person, at a known distance from two towers, 
observes that their apparent altitudes are the same ; he then 


walks a given distance towards them, till the angle of eleva- 
tion of one is double that of the other; find the heights of 


the towers. 
Let x and y = the heights, 
AB =a, and a, /3, the angles, 








AD=48, 
CB=c, A - 
CD =d, Cc B D 
x f, 
tana=<=%, tan B=", tan 2 == ; 
2 tan 2 29 2d 
np _ _ ~ay 2, 
but tan 27 j—tan®? d-y 6’ 
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and : 2a, 
oY 
cs RCo eee 
d-y c. be’ P—y? be’ 
(a —y’)a=2dcb; py 2, 
2 _ qa_ 2deb 
y=d ot 





a. ee ( _ 2deb 
b&b a)? 


(23) Inthe arc AB of acircle, centre O, AC is taken 
= sin 4B; then will sector COB = segment ACB. 


The sector COB + sector COA 
= A BOA + segment BCA, 


or sector COB + A Cz 





=segment ACB + BD 5 ; 


but BD =arc AC; 
-, sector COB = segment ACB. 


PRACTICAL REMARKS ON THE SOLUTION OF TRIANGLES. 


23. In working out the various problems in the solu- 
tion of triangles by the tables, when one or more logarithms 
have to be subtracted, it is better to write down their com- 
pneu or what each of them wants of 10, instead of the 

ogarithms themselves, and then add them altogether, sub- 
tracting as many tens from the index of the sum as there 
are logarithms to be subtracted. 

E2 
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Thus, if the logarithm to be subtracted be 3'6947362, it 
is the same thing as to add its complement 6°3052638, and 
then to subtract 10 from the sum; the easiest way to per- 
form the subtraction is to begin at the left hand, and sub- 
tract each figure from 9 except the last figure on the right, 
which must be subtracted from 10. 

If the index of the logarithm be greater than 10, write 
down what it wants of 19, and take the rest of the figures 
from 9 as before ; observing, that after the addition is made 
20 must be taken from the index. Thus, the cornplement of 
the logarithm of 13°6874563 is 6°3125437. If the logarithm 
of a decimal which has a negative index is to be subtracted, 
add the index, considered as positive, to 9, and then find the 
complement of the rest of the figures as usual, and subtract 
10 from the index of the sum. Thus, the complement of 
the logarithm of 2°3674586 is 11:60325414. 


24. Before proceeding to the next examples we shall 
shew how the trigonometrical tables are constructed. (See 
Lefebure de Fourcy’s Trigonomé¢trie, p. 35.) 

Let us at first find the sin 10”; we have before stated 
that if the diameter of a circle be unity the circumference 
= 3-141592053589793 = 7, and when the radius is unity the 
semicircumference = 7, and since there are 64800 seconds 
in 180°, we shall have in parts of the radius 


” ae ; 
arc ]0° = 64800 00004848 1368110. 
Now in very small arcs the sine and the arc are very 
nearly equal, hence the above may be considered as a good 
approximate value of the sin 10”. 


25. We proceed now to shew that in the first quadrant, 
the arc is greater than the sine and less than the tangent. 

Let AP be the sine of the arc AB, and AT the tangent, 
and suppose this figure to turn round OP till the point 4 
falls on C, we shall have the arc AC > the chord AC, and, 
consequently, the arc 4B > AP;; hence, the arc is greater 
than the sine. We have, also, the are AC <(AT'+ CT), and 
therefore AB < AT. 


, <p & : , 
Hence it follows that if ok differs little from 1, the 


e a . s 
ratio — differs still less. 
sin a 
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Also, as the arc decreases the ratio of that ~~ 





ae ieee : Be 
arc to Its sine becomes as near to unity as we 7 
please; that is, this ratio has unity for its T 
limit. P 
: sin a tan a 1 
And since tan a = Sere ee aa 
Cos a sina cosa 


Now, diminishing the arc (which is supposed less than 
90°) the cosine increases and approaches unity as nearly as 





. tan a ‘ 
or its equal a continually 


e e ] 
we please, that is, the ratio oe 
a 


diminishes, and has unity for its limit. 
The arc being greater than the sine and less than the 


_ @ 
tangent, the ratio cin @ 2" never be less than 1 nor greater 


tan a ; ; ‘ . 
than sin a’ and since this last ratio can approach unity as 


nearly as we please, the former one will also approach 
unity as nearly as we please, and it is on this account that 
we take the arc of 10” for the sin 10”. 


26. We must now proceed to determine the degree of 
approximation 





. 2 si 1 1 dt ] ] 
sin a = sin 5 4 Cos 54, an an 5a > 3; 
saa 
a eae : eae 
or >—a3 ~a>-a —a: 
Q? Q 9 Q ? 
cos 54 


or oan >a [5 
9% 085 ; 


nd 2 sin J cos ! > a cos’ : or sina cos” : a 
a pa op > ated ° 
a 1 3% 97 of a 2 ; 


1 T 
but cos’ -~a = 1 —sin*?—a; 
ut cos’ 5 in’ 5 


: ae | 
.. sina > a(1-sin* 5a) 


1 -\? a 
sina > a1 -(fa)} maf. 
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Applying this result to the arc of 10”, taking the near- 
est value to five places of decimals, we shall have the arc of 


10” < :00005, then ; (arc 10”)* < :000000000000032 ;sx 


hence we have 
sin 10” > {-000048481368110 — °000000000000033} ;x 
or sin 10” > "00004848 1368078, 


we see that this sine only begins to differ from the arc of 10” 
at the 13th place of decimals, and taking the nearest decimal 
it is the same; hence it follows that we may take 


sin 10” ‘0000484813681, 
and we may be assured that the error will be less than unity 
at the 13th place of decimals, 
and since cos 10” = of 1—sin®10”, we have 


cos 10” = -9999999988248. 


27. We can now successively find the sines and cosines 
of 20”, 30”,... and so on up to 45°, by means of the for- 
mule (1) and (4), given at page 28, 

sin (a + 6) =2cos6 sina — sin (a — b), 
cos (a +b) = 2 cos b cosa — cos (a—5b); 
we can consider the arcs a—b, a, a+b, as three consecutive 
terms of an arithmetical progression whose common dif- 
ference is 6, if we put ¢, t’, ¢” for these three terms, we 
have 
sin t’’ = 2 cos 6 sin ¢’ — sin ¢, 
cos 1” = 2 cos 6 cos t’— cost; 


consequently, to obtain the sine and cosine for every 10” we 
must make 6=10”, and putting @ and (@ for the known 
values of the sine and cosine of 10”, we have 


sin 0 =O, cos 0 =1, 
sin 10” =a, cos 10” = B, 
sin 20” = 26 sin 10”, cos 20” = 23 cos 10” — 1, 


sin 30” = 28 sin20”—sin 10’, cos 30” = 2G cos 20” — cos 10”, 
sin 40” = 26 sin 30”—sin 20”, cos 40” = 26 cos 30”—cos 20”, 
&e. &e. &e. &e. 
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But as ( differs very little from unity, 28 is nearly = 2, 
and the calculation can be still more abridged ; put & for the 
difference 2—2/, we shall have & =:0000000023504, and 
2/3 =2—k, consequently the value of sin ¢” becomes 

sin ¢’’=2 sint’/~ksin t’—sint; 
+, sin 2” — sin d’ = (sin ¢’— sin ¢) —k sin #’. 

In such a long series of calculation the errors multiply 
considerably, and we therefore cannot be sure of the decimals 
being correct to the end, but, by using the formule given 
in Art. 15, we may verify the results, for the number of de- 
cimals common to both processes may be relied on as exact. 

We may remark that when the radius is unity the sines 
and cosines will be fractional, and, consequently, their loga- 
rithms will be negative, in order to render them positive, 
the radius is taken = 10". 


EXAMPLES. 


In the right-angled triangle ACB, given the hypothenuse 
AB =1785°395 yards and the angle ABC = 59° 37’ 42”, to 
find the other two sides. 


To find AC or b. To find BC. 
5b=c sin B, *a=ccosB, 
or log b =log c+log sin B—10 | log a = log c + log cos B — 10 
log 1785°395 _ ... 3°2517343 log L785°S95: <ctsses 3°2517343 
log 59° 37’ 42”... 9:9358919 | log cos 59° 37’42”...9°7038132 
log 6 3°1876262 | log a 2°0555475 
“. b= 1540°0374. “. &a= 902.708. 


In the triangle ABC (see fig. p. 52), given a=9459°31 
yards, } = 803229 yards, c = 8242°58 yards, find 4; 


sin } A = y= nee, 
28 = 2573418, S=12867-09, S—5=4834'8, S —c= 4624°51, 
log sin } A =10 +5 flog (S—B) + log (S —c) — log b — log c}, 
2 log sin 4 A = 20 + log (S —b) + log (S — c) — log b — loge, 


80 TRIGONOMETRY. 


log (S—6)= 3°6843785 
log (S—c)= 3:6650657 
Comp. log 6= 6:0951606 
Comp. log c= 6:0839368 


2 log sin 4A = 19°5285416, 
log sing A= 9°7642708, 
£ A = 35°31 47", 
A=71°3' 34". 





CHAPTER IV. 


ON POLYGONS. 


298. To find the radius of a circle described about a 
regular polygon of n sides. 


Let R= AC=radius, AB one of the sides 
of the polygon =a, ACB the angle subtending 
one of the sides of the polygon, then x times 
the angle ACB will be the sum of all the 
angles, or 360° ; 

0 0 
5 2 ACB= = » 2AcD =, 


since CD bisects the angle ACB, 
R sin ACD = AD, or 2R sin ACD = AB; 














AB _ AB 1 gp cue 18” 
Teun dCD . «1800 Oo on 
2 sin 
1 J8so° 
= — @COoSec ° 
Q n 


29. If now we suppose AB to be the side of a regular 
polygon described about a circle, then CD will be the radius 
of that circle, which call r, 


180° 


then OD ede D bok ee 


AD 
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180° 1 id 0 
* CD=r=AD cot- — =—AB cot 10 = | ot 180° : 
n 4 n Q nN 
] 180° : 
i. R+r=La(cot + cosee——) 
9 n n 
0° 
cos 
1 _! 
974 180° | 180%) 
sin sin — 
n 
180° a 0 
1 + cos ——— 5(2 cos’ *) ‘ 
1 n 2 nN a eke 90 
= = cern PO reece cy 
. 180° . 90° O° 2 - 
2 sin —— 29 sm 90" cos 90" 
n n 
0 
2 
1 180° 1809 1 ,°° °° ~n~ 
2 
R.r= at cosec— cot Fe es 
sec - 
1 0 80° 
Ro a cosec aie cosec ; 
rd 180° 180° 180° 480°" 
~acot - — cos cosec-— ~ cos -—— 
2 n n n n 


30. To find the area of a regular polygon of n sides 
inscribed in a circle. 

The polygon is composed of as many triangles as there 
are sides of the figure : 


0 
area of the triangle ACB = AD. CD =rsin sa Rebs 


. 180° 180° . 
= r* sin ae cos - = 5 rtsin 90° P 


180° 








Hence the area of the inscribed polygon =z times the 
360° 


n 





triangle ACB = : r? sin 


AC.CBsin ACB 
2 

r* sin 360? 

n ° 

9 ani | 
ES 


Or thus, the area of the triangle ACB = 
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n ,. 860° 
.. area of polygon =~ 7’ sin ——. 
2 n 
31. For the circumscribing polygon. . 
AD 180° 
Let CD=r, Cp = ACD=tan—~ ; 
0 0 
a AD =CD tan =rtan Ae ; / 
A D B 


180° 
area of aACB=AD.CD= r*tan——, 


0 
area of polygon = times the triangle ACB = nr’ tan 5 


360° 1 .. 360° 
n —— sm ——- 
n n 





vy ° 
— 7 81 


area of the inscribed polygon Q 
area of the circumscribed polygon 180° 180° 
nr’ tan a tan oc 


ol 

















1 . 180° 180° 
—.2si1n cos —— - 
Q n n : 180° 
= 130° = COS 
sin 
180° 
cos —— 
n 


The area of a circle whose radius is r = rr’. 


From the above the area of a polygon inscribed in a circle, is 


ee 360° 2 tae 
a? sin iat sin —— =a" an 








As we increase the number of sides, the area of the poly- 
gon approaches nearer and nearer to that of the circle, and 
when # is infinitely great it becomes equal to it, for then 

_ 27 
sin — 


° ° had ed 
= is an infinitely small angle, therefore ao 1; 


—aae 





_.%. area of the circle = rr*. n 
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Examples on the two preceding Chapters. 


(1) Given the perimeter of a right-angled triangle, and 
the radius of the inscribed circle; determine the sides, 
oe. OA aye 
2 2 
ab = 28r, a+b+c=28, at+b=2S—c, 
at+b=2S8S—c=28 - (S—r)=S+r, 
at+b=S+r, 
a+2ab+6=8°+29S8r4+7r’, 
4.ab = 8 Sr; 
a’—2ab+b= S'—6S8r +r’, 
a—b =,/(S’—6Sr+r’) 
a+b=28-c, 
2a=28—c+,/(S?-6Sr +7’), 
2S —c+,/(S’—6Sr +r’) 
Ce! ge rey 
2b6=28 —c—,/(S’ — 6Sr +7’), 
_ 28'-— 0c —,/(S?- 687 +1’) 





b 
2 
c=S—r 
a’ + 2ab + b? = 48?— 48c +c’ 
a’ + 6? = Cc 
2ab = 48" -— 48e, but ab = 28r, 
*, 4Sr = 48° ~ 4S$c 
ASc = 48? ~ 4S8r 
4c=4S ~—4r 
c= 8S Pe 


(2) Given the perimeter of the same triangle, and the 
radius of the circumscribed circle; find the sides, 
atb+c ab abc 
“a cee 7 
atb+c=28 @R=c, 
a+b=28—2R, 
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a’ + 2ab+ b* = 4S" - 8SKh+ 4h’, 
a’ + 6%= 4R? ; 
- 2ab  =4S8?-8SR; 
* a? -2ab+5'=4R* + 8SR — 48’; 
. a—b=,/(4R'? + 8SR — 48"), 
a+b=28 —2R, 
Qa=28-2R+,/(4R7+8SR — 48°), 
_ 28 -2h +,/(4R' + 8SR — 45%) 
aa ae , 
2b=28 —2R—,/(4R* +8SR—- 48"), 
ia 28 —-2R-/(4R'+8SR — 48") 
2 
(3) If (D) and (d) be the diameters of the two circles, 


and (a), (2) the sides which include the right angle; shew 
that D+ d=a+b. 


AF +FC+CD+DB=b+a, 
AF = AE and BE= BD, . 


FCz=rand DC=r; (AC R 
°° AH+ BE +2r=a+, re an 
but 4E + EB= D. 
Hence a+6=D+2r=D:id. 


(4) The sides of a triangle are as 3, 5, 6; shew that 
R:irz 45: 16, 


Pip en OD 8 DES -%, 
‘ Q(atb+c) 2(3+54+6) 34546 


es b)(S—e) = /T) T°) 6) -/% 


ee See 
| 4° 14 “MA 7 14 8? 
.. 49 7, [8 
rie / Bile 
45x7 : 14x8; 


R:r:: 45 : 16. 
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(5) If the side of a pentagon inscribed in a circle be 1, 
5) 


the radius=“‘S— S—-. 


/10 


Here n= 5, a~=1, 
e e Tv 
perimeter = 5= 2mnr sin - 
2 


0 
=2x5rsin 


+, 1 =2r7 sin 36° 
97N- V/5) 
2/2. 
~N6-J5) J) 
a 


1 
r= T6-A5) 
We 
_ v2 
~ /(5—-./5) 
_V2/(5 +,/5) 


‘@@o=5)” 
_V2/(5 +,/5) 


J/20 


_N(5+/5) | 
/10 


(6) Find the actual value of a side of a twenty-four 
sided regular figure inscribed in a given circle. 


Here n = 24. Put 4-12, QA =15°, 


sin 15° = v3 — : 


2/2 ° 
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° * wT 
Perimeter = 2nr sin — 
n 


0 


= 2x 92A4r sin besa 
24, 


0 
=2x24r sin, 


but sin 4 == {,/(1 + sin 24) - /(1-sin24)} 
Hote) MOS 
.. perimeter = 2 x 24r — 3 a {a/ (14 +55) Jf = oo) 
-exter{, /(1 ae) : 1-2 7)} 
cs {/ (4% 2 ne ia) 0-F,')} 


aye: perimeter 


sno tage Vee) 
=f / (+S) -/0~S5e)}- 


(7) Ifr be the radius of the inscribed circle, 
area = r* (cot $4 + cot $B + cot $C). 
By Euc. Book IV. Prop. 4, 
2OBA=iB, 2 OCA=3C. 
Now Ba = Oa cot3B, Ca=Oacot 4C; 

. a= Oa cotzB+ Oa cot $C, 
a=r(cot3B+cot 4C), 
b=r(cot3A+cot4C), 
c=r(cot}4+crot 4B), 

at+b+c=r(cot$B+cot $C) 
+r(cotéA+cot $C)+r(cot § 4 + cot 3B), 
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_1(cotsB+ cot$C) +1r(cot$d+ cotdC)+r(cotdA + cot} B) 
gr 
ap ee) 


= or (cot $4 + cot 3 B+ cot $C) 
2 ? 
S =r (cot 4 + cotgB+cot3C). 
But area=S.r, 
area =rr(cot34+cot3B+cotiC); 
*. area=7r* (cot; 4 + cots B+cotsC). 
(8) The perimeters of an equilateral triangle, a square, 
and a hexagon, each including the same area, are as 27, 
416, 4/12. 


Let each side of the a ABC at p. 82 =a, 3a= perimeter, 


, (ar? 3a? CD.a 
cp=,/« -(2) =. / Gand “9 — = area 4; 


-, side of equal square = Ss ae 


n00-n/tne/SofS-fi 


1./ —~ = perimeter of square, 


Area of a =CD.5 = Sa + /<* Ss 


= area of square = area of ose Let x=side of hexagon. 
: x 62° 180° _ Ox" 


nz 
Se eae ~_-= ——, cot ——— 0 
Area of — CoO = a § = cot 30 


3a oe 8a‘ 
=3 3 Net cee or es 


62=a', 2c J6=a; -. t= 7G = side of hexagon : 





6 77 J6=a,/3./2= perimeter of hexagon : 
3a: 2a4/8 : a f2./8= 27: J16: W/12. 
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(9) If O be the centre of the circle inscribed in the 
triangle ABC, 
OA’ + OB + OC? = ab +. ac+ be — 12 Tir. 
See fig. page 59. 
AO’ = 177+ AE* =7* +r? cot? 34, 
OB =r°+ BF? =r* +7’ cot? sah 
OC=r?+ EC =r’ +1 cot? 4C, 


AO’ + OB? + OC? = 3r* +r’ (cot 4+ cot? 2 + cot? 5) ) 


by Art. 21, and p. 55, 
_ (84) (s~8) (e—c) , (s—a)(s~ b) (#0) 
tae eee ene . & 
} s(s—a) _s(s—5) s(s—c) 
soe Ge ee 
= 3 PI OVSA OVE) 5 (gat (9 — BY + (6-0 
= 3s? — 3sa — 3sb + 3ab — 38sec + sac + Sho — 90"" 
+5?~9%sa + a74+ 57-256 +07 + 57-2040 
= 6s°- 5s (a+b+c)+a° +0’ +0? + 2ab + 2ac 
+ 200+ ab + a0 + bo — 207° 
= 6s? — 58.2s+(at+b+cyP+ab+ac+be—12kr 
= 627 — 10s? + 45? +ab+ac+bc- 12Rr 
=ab+ac+be—12Rr; 
- AO? + OBT+ OC’? = ab +.ac4+ bc —12Rr. 


(10) The area of a regular hexagon inscribed in a circle 
is a mean proportional between the areas of the inscribed 
and circumscribed equilateral triangles. 


nr? ) 
Area of hexagon = ‘ae sin = 


= Ss sin 360° 
~ Q 6 


= 3r? sin 60° 
= $7? Y— v3 
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Qa 
n 
= a sin 360° 
2 3 
2 


Sr. 
= — 120° 
2 sin 120 


_ 8r* /3 
~ 2 2. 
_ 8r*/3 
A e 


Str as . nr 
Area of inscribed triangle = > sin 





° e T 
Area of circumscribed A = nr* tan 5 





= 3r* tan 60° 
=3r*/3; 
2 2 2 
. as a : ar Ne ss BENS - 87 JS: 


(11) The square of the side of a pentagon inscribed in 
a circle is equal to the sum of the squares of the sides of a 
regular hexagon and decagon inscribed in the same circle. 


Pentagon, perimeter = nx 4B =2nr sin = : 
. 180° : 
AB=2rsin —o 2r sin 36° 


V3 —/5) _ V6 -/5) 
2,/2 Je 7° 
Apr= Cosi)" 


=Q92r r 





° . W 
Hexagon, perimeter = 2 AB, =2nr sin a 


0 
AB,=2rsin oe = 2r sin 30° 


Qr 
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. 18 
Decagon, perimeter =” AB,,=2nr sin ra 





; 0° . 
AB,=2r sin a = 2rsin 18° 


J5-1 _J5—1 
4° @° 








= Or 


‘ 2 (3—,/5) r° 
. AB sera me 


al 


_ 2 
AB?+AB/= Sea) $s (3-/ ator 


= G/T 4B 


(12) Three equal circles touch each other; shew that the 
space between them is nearly equal to the square described 
upon a fifth part of the diameter; find the area when the 
circles are unequal, and the radii as the numbers 1, 2, 3. 


Let rad. = > diam. =1, 7 = 3°1416, 


arc mn = 2 (SSI) _ -5956 x2 ce 


= 1:0472. as 


Sector Amn = 5 rxarc mn = °5236; 


.. the area of the three sectors = 1°5708, 
Cn? = AC? — An’; “. Cn=,/(AC'— An’) 
= /(AC-1) = J/(4-1) =/8; 
AABC = oe Cn = 1°73205. 
Now the space mno = AABC — 3 sector Amn 
= 1°73205 — 1°5708 =°161. 





Now the square described on ss of the diam. = = = ‘16. 
Vv 





diam.\* 
Hence space mno = 5 nearly, 
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(13) Let rad. Co=1, Bo=2, Am=8, then the diameters 
are 2, 4, 6; and the sides of the AABC are 
BC=8, AC=4, AB=5, «. AB’=AC*+ BC’; 


log sin A =log BC - log AB + 10, 
log3= -47712 
log 5= 69897 
10 
log sin 36°52’ = 9°77815; 
. A = 36°8666, 








B = 53°-1333, 
360° : 36°866 :: 3:1416x6 : 1-9305 = arc mn, 
‘9305 
sector Amn = os = 28958, 
360° : 53°133 3: 3:1416x4 : 1°8546 = are no, 
sector Bro = a = 1°8546, 
circumference of © moC _ 3°1416 «2 — 1/5708 = arc mo, 
4. A 
1°5708 x1 
sector Com = oe = “7854, 
2°8958 
1°8546 
"7854 
sum of sectors = 5°5358 
Cx BC 4x8 
AABC =AE%AE AX? 6; 


*, space nmo = AA BC — sum of sectors = -4642. 


14) Given AB=a, BC=6, CD=c, three sides of a 
quadrilateral, and z ABC=0, « BCD= 9; shew that twice 
the area = ab sin 0 + cb sin @ — ac (0 + ¢). 
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Let ABCD be the quadrilateral. A = 
From the point A draw AE! BC, / we , 
and from the point D draw DF'''to AB ye 
or EC, ar F 





then ch sin d = 24BCD, 
and ab sin 6 = the figure 4BCE 
= 0 ABFG+GFCE, 
=2A4ABD+ OGFCE; 
ab sind +bc sing =2A(ABD+ BCD) +0 GFCE 
= 2quadri.+ 0 GFCE 
= 2 quadri. + 2ADEC 
= 2quadri. +ac sin(¢ + 6); 
*, ab sin 6+ bc sin  — ac sin (¢ + 6) =2 quadrilateral. 
(15) If Rand r be the radii of the circumscribed and 
inscribed circles of a triangle: 
r=40 sin 3A sin 3B sin 3C. 
See Ex. p. 86. 
3(a+bt+c)=r {cot 3A +cot 3B + cot 10}, 
area =7° {cot {A + cot 3B + cot 4C}, 
but 44 +3B+4C= 90"; 
». by Ex. 26, p. 45, 
area = r° {cot 3A + cot 3B + cot 3C} 
=r’ cot 4A cot dB cot 4C. 
And by Art. 22, Chap. III., and formule, p. 55, 
area = 2? sin Asin BsinC 
= 4?’ sing A cos 34 2singBcos$B2 sin$C cos$C 
= 16R’ sin $A cos $4 sin$B cos$B siniC cosiC 
=r’ cots cot $B cot $C 
, cos $4 cos gB cos $C 
~? sin $4 sin 3B sin 3C’ 
Pe eee 
singA singB sin gC 
ar ae 
sin 5A sin 3B sin $C 





= 16R* sin 3A sin 3B sin $C, 


= 16R’ sin $A sin 3B sin 4C; 
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. 7 = 16R* (sin dA sin 3B sin 1C)'; 
*. r=4# sin 4A sin 3B sin 4C. 
(16) In the triangle ABC take a point D, join DA, 


DB, DC; given AB, AC, the z ABD, z ACD, and z BDC, 
find BC. 


AB=a, 4 ABD =a, 
4s AC =46, z ACD = 8, 
ae - BDC =y, 
DBC +2DCB=7-y, 
£ABC+2.1CB =(17-—y+a+tf), 
2 BAC =ar-—(w-—y+a+f), 
z BAC =y—-a-f, 
BC = /( AB’ + AC’ -—2AB.AC cos BAC), 
BC = ,f/{a? + 6’? — 2ab cos (y—a— f)}. 
(17) ABCD is the circumference of a P 
circle, O its centre, from C draw a tangent to 
the circle meeting the radius OA produced, 
in P, join PD; then if CP=a, DP=8, “a 
6= angle formed by DP and a tangent at D, 


a= i? . cf 
prove that r=— ap cosec 0, r being the radius 
of the circle. ° 
COP isa rig ght-angled trengles 
. OP =a +7’, —~B- 


and in aODP, dhe sides OD, DP, and z ODP are known. 
& OP! =U! + 1° abr cos (F +8); “ 


* @+r= bh? +r’? -2br cos (F +0); 
-- @— 6? = 2br sin 6; 


= a’? = 6? a’ — |)? 
"26 sin 0 26 
(18) Given the three perpendiculars from the angles on 
the opposite sides ; find the sides. 


cosec @, 
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Let AB=2, AD=y, BD==a, A 





F 
AC =a, BE=b, DF =c, N 
2A=cxr=by = az, | 

20=2, /{S(S—x)(S—y)(S- z)}; B G D 


ex = 2,/{S (S — 2) (S—y)(S—s)} 
=a, [25+ a iol Dae ples at 


setters of-2) 
-le, /{(1+¢42)( (648-1) (v48-8) 1+5-2)}, 


i 
(45 

veel (DG) D(E-S)} 

tics 











s)(1+3-2)} 
MCHOEE Deane 


(19) Ifd=the base of a polygon, abc, &c., the sides 
beginning from the base, a@y, &c., the angles made by 
abc, &c., with the base, then 


l=acosa+b6cosP+c cosy + &c. 


Let AB=l, from the upper angles Fig. 1. 
draw lines perpendicular and parallel to 
the base. Then (fig. 1), 
Am=acosa, mn=6 cos /, 
no=c cos 7, 0B =d cos 6, A mon 0 B 
AB = Am +mn +no+o0B=acosa+b cos3 +c cos y+dcos6; 


-, L=acosa+6cos@ +e cosy + &c. 
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Fig. 2. Am = cos (a~n) =~ cos. ae 


—~ Am=acosa, mn = Am+ An=b cos #, 
no=c cos y, oB =d cos 6, | 
AB=— Am+ Am+ An+no-+ 0B kn 0 B 


=acosa+bcos8+ccosP + &c.; 
., t=acosat+bcos6 +c cosy + &c. 


32. The two following rules may be found useful to 
practical men ; the first is when two sides and the included 
angle are given, and the second when the three sides are 
given. 
a+b _tan3(A+ B) 

a—b tand(A—B)’ 


Hence the following rule: 


As the sum of any two sides of a plane triangle is to 
their difference, so is the tangent of half the sum of their 
opposite angles to the tangent of half their difference. 


b?+c?—a*. 
Qbe ” 
* a-B=c’—2bccos A 
= C (c* — 2b cos A), 
(a+b) (a—b)=C (c— 2b cos A) =c (AD ~ DB), 
c:a+6::a—b: AD~DB. 


From this we have the following rule: 


Take the longest side for the base ; then as the base is to 
the sum of the other two sides, so is their difference to the 
difference of the segments of the base. 

Half the sum of the segments added to half their dif- 
ference gives the greater segment, and half their difference 
subtracted from half their sum gives the least. 

The following logarithmic forms for right-angled tri- 
angles may also be useful, although they are only the defi- 
nitions at page 8 put into logarithms. 

Referring to the figure, page 52, considering C to be a 
right angle, we have by the definitions, 


By Art. 19, 


By Art. 16, cos A = 
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sin A aoe =8, cos A= SU aS, tan A= a8: 
in logarithms, 

log a = log c + log sin A — 10 = log 6 + log tan A — 10, 

log 6 = log c + log cos A - 10 = log a — log tan A — 10, 

log c = log a — log sin A + 10 = 10 + log a — log sin A. 


HEIGHTS AND DISTANCES, ETC. 


(1) In the year 1784, a base BC being measured on 
Blackheath, of a mile in length, the angles of 5 
elevation of Lunardi’s balloon were taken, at ea 
the same time, by observers placed at its two , ---", a 
extremities and in the middle; the one at Te! 
B being 46°10’, that at P 55°8’, and that at! Sa 
C 54°30’: required the height OA of the bal- 
loon,—Bonnycastle’s Trigonometry. 


vd 


Investigation. 
By right-angled triangles, 
AB=OA cotOBA; AP=OA cotOPA; AC=OA cot OCA. 
Now AB’ + AC*%= 2AP’ + 2BP”, 
or AB’ + AC’-2AP*=2BP’, 
hence by substitution we have 
OA? cot? OBA + OA’ cot? OCA — 202A? cot? OPA =2BP*, 
OA? (cot? OBA + cot? OCA — 2 cot? OPA) = 2BP*; 


o4te 
~ cot? OBA + cot? OCA — 2 cot? OPA’ 
OA = - BP ,/2 


~/{cot® OBA cot? OCA—2 cot® OPA} * 


(2) Observing an object OA at a distance, I took its 
angle of elevation OBA at the place where I 0 
stood, and found it to be 50°23’; I then mea- Loy be 
sured a distance PB of 60 yards, in the most o--",”/ [ 
convenient direction the ground afforded, and \O"-4.., 
at this station found its elevation OPA to be Pv“ A 


40° 33’; after which I measured on, in the 
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same line, 50 yards further to C, and at this place found its 
elevation OCA to be 30°49’; from which it is required to 
determine the height of the object, and its distance from 
each of the three stations B, P, C. 


Investigation. 
Since AB=OA cotOBA, AP=O4A cotOPA, AC=O4 cot OCA, 
cos BPA= sea eel , and cos CAP, which is equal to 


CP? + AP? - AC’. 


-—cos BPA Seep Ep e 


—_— 
ee — 
ee 


BP ES ORE 
CP.AB+BP.AC’~(CP+BP) AP*=(CP+BP).CP.BP; 
.. by substitution we have 
CP .OA’ cot? OBA+BP.OA cot? OCA —(CP + BP) x 
OA’ cot? OPA = (CP + BP).CP. BP, this reduced gives 


ite en cot” OBA + BP cot? OCA-(CP+BP) cot? OPA 
~ “(CP + BP).CP.BP 


(3) If the height of the mountain called the Peak of 
Teneriffe be 24 miles, as it is very nearly, and the angle 
taken at the top of it, as formed between a plumb-line aud 
a line conceived to touch the earth in the horizon, 
or farthest visible point, be 88°2’; it is required 
from these measures to determine the magnitude 
of the whole earth, and the utmost distance that 
can be seen on its surface from the top of the 
mountain, supposing the form of the earth to be 
perfectly globular? 


Let HF represent the height of the mountain, ED the 
tangent z E = 88°2’, DC a semidiameter of the earth. 


Since EDC is a right angle, and z C= 1°58’, z CDF 
= 4 CFD, each of which = 89° 1’, and z EF D = 90° 59’, con- 
sequently 
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Then, as sin z EDF 0° 59’ ......... log ar. co. 9°765443 
: sin 2 HFD 90° 59’ .......ccceceee log 9:999936 
#0 EF 2h miles scc.ccssscevseses sess log 0°367977 
bE DAS5 G4 arcs toatvneentians log 2'135356 


“042 . 
And (Eue. III, 36) 13°94)" _ 9.3333 — 7916 miles. 
2°3333 


(4) A point of land was observed, by a xn B 


ship at sea, to bear E. by S.; and after sail- 
ing N.E. 12 miles, it was found to bear S.E. 
by E. It is required to determine the place 


of that headland, and the ship’s distance from 
it at the last observation. 

Let C be the point of land; A the former and B the 
latter place of observation. In the triangle ABC are given 
the angle A 56°15’, the angle B 101°15’, and the side AB 
12 miles; consequently the angle C is 22° 30’. 


Then, as sin 22°30’ z C’.....008 log. ar. co. 10°417160 
PGI DO NO 2 ad sede teestuntieeeec log 9°919846 
oo LO miles AP cversinccsetedceas log 1:079181 


: 26°0728 miles BC, distance required, log 1°416187 

(5) A string passes round the circumferences of two 
given circles, in the same plane, and at a given distance 
from each other: required the length of the string. 

Let GEIF DH represent the string touching the two 
circles, draw from the centres B and O the radii BD, OF to 
the points of tangence; these then being each perpendicular 

D 


F 
C 


A , iH 
oe 

to FD are parallel to one another; through F draw FC 
parallel to OB, then FC = OB and FO= BC; 

Let OB= 14in., OF =1in., and BD = 83 in. 

Now FD =,/FC*— DC'=,/0B*- (BD- OF) 

= ,/(14° — 7:5") = 11°82159 ; 

FD FD _11°82159 
FC OB 14 


and sin FCD= = °844399 ; 
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*. £FCD=2 OBC=2z IOF = z 57° 36’25". 


Hence « DBH = 180° — zc DBO = 180° — 57°36'25” 

= 122°23'35”. 

Then, as 360° : 57°36'25” :: 62832 (circumference of 
the less circle) : 1:00543 =the arc FJ. Also 360°: 122° 23’ 
35” :: 53°4072 (larger circum.) : 18°15742 = are DH. 

Hence IF + FD + DH = 30:98444, twice which, or 
61°96888 inches = 5ft. 2in. nearly, is the length of the band. 


(6) The side of a hill forms an inclined plane whose 
angle of inclination is known; required the direction in 
which a rail or other road must run along the side of the 
hill, in order that it may have an ascent of 1 in every n feet. 


(7) Wanting to know the height of an inaccessible tower ; 
at the least distance from it, on the same horizontal plane, 
IT took its angle of elevation equal to 58°; then going 300 
feet directly from it, found the angle there to be only 32°; 
required its height, and my distance from it at the first 
station ? Height 307°53, distance 192°15 ft. 


(8) Being on a horizontal plane, and wanting to know 
the height of a tower placed on the top of an inaccessible 
hill: I took the angle of elevation of the top of the hill 40°, 
and of the top of the tower 51°; then measuring in a line 
directly from it to the distance of 200 feet farther, I found 
the angle at the top of the tower to be 33°45’. What is the 
height of the tower? 93°33148 feet. 


(9) From a window near the bottom of a house, which 
seemed to be on a level with the bottom of a steeple, I took 
the angle of elevation of the top of the steeple equal 40°; 
then from another window, 18 feet directly above the former, 
the like angle was 37° 30’: required the height and distance 
of the steeple? Height 210°44, distance 250°79 ft. 


(10) Wanting to know the height of, and my distance 
from, an object on the other side of a river, which appeared 
to be on a level with the place where I stood, close by the side 
of the river; and not having room to measure backward, in 
the same line, because of the immediate rise of the bank, 
I placed a mark where I stood, and measured in a direction 
from the object, up the ascending ground, to the distance of . 
264 feet, where. it was evident that I was above the level of 

F2 
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the top of the object; there the angles of depression were 
found to be, viz., of the mark left at the river’s side 42°, of 
the bottom of the object 27°, and of its top 19°. Required 
the height of the object, and the distance of the mark from 
its bottom ? Height 57:26 ft., distance 150°50 ft. 


(11) Wanting to know my distance from an inaccessible 
object O, on the other side of a river, and having no instru- 
ment for taking angles, but only a chain or cord for measur- 
ing distances, from each of two stations, A and B, which 
were taken at 500 yards asunder, I measured in a direct line 
from the object O, 100 yards, viz., AC and BD each equal 
to 100 yards ; also the diagonal 4D measured 550 yards, and 
the diagonal BC, 560. What was the distance of the object 
from each station. A and B? AO 536°81 yds., BO 500°47 yds. 


(12) The elevation of a tower is observed. At a station 
(a) feet nearer, the elevation is the complement of the former ; 
(b) feet nearer still, it is double the first elevation. Shew 
that the height is 


oa 
¥ {(a +b) 7} : 
(13) Ifthe angles 4, B, C of a triangle ABC be as the 
numbers 2, 3, 4 respectively ; then 
A a+e 


# C08 5 = b 


(14) Ifin the three edges which meet at one angle of a 
cube, three points 4, B, C be taken at distances a, b, c from 
the angle respectively ; the area of the triangle ABC formed 
by joining the three points with each other 

° 


2 =v (ait? + a'c? + bc), 





(15) Ifthe tangents of the angles of a plane triangle be 
in a geometric progression, whose ratio is x, shew that 

sin 2C =n sin 2A. 

(16) If the tangents of the semiangles of a plane triangle 
be in arithmetical progression, the cosines of the whole 
angles will also be in arithmetical progression. If R and r 
be the radii of the circles described about and inscribed in 
the triangle 4 BC, then the area of the triangle 

A= fr(sin 4 + sin B + sin C). 
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(17) Ina right-angled triangle, CD, CE are drawn from 
the right angle C’, making angles a, 8 with the hypothenuse ; 
the area of the triangle 


CDE = a (cot a ~ cot (2). 


(18) If a, 8, y denote the lines bisecting the opposite 
sides a, 6, c of any plane triangle, shew that 


at+ 64 +4 =o (at + b+ c‘); 
a8? + By? + ya? = A (a®b* + b%c* + ca’), 


(19) Let a, 5,c be the sides of a plane triangle, and 
a, 8, y the lines bisecting the angles and terminating in the 
opposite sides ; then will 


apy — 4(a+b+c) 
abe (a+b) (b+c)(c +a) 


(20) If lines be drawn from the angles of a plane triangle 
to a point within it, so as to make equal angles with each 
other, their sum will be represented by 


»/ {a — 2ab cos (C + 60°) + bt. 


(21) The squares of the sides of a plane triangle added 
to the squares of the radii of the four circles respectively 
touching these sides is equal to four times the square of the 
circumscribing diameter ; required a demonstration. 


(22) Ifa, b, c be the sides of a triangle, and a, f, y the 
perpendiculars upon them from the opposite angles, shew 
that 








x area of the triangle. 


ae BF 4* be ac ab 
— +0-4—.2 tasty. 
By ay ah a b c 


(23) If R be the radius of the circle circumscribed about 
a given triangle ABC, and r the radius of the inscribed 
circle, shew that 


ca z{t-(sin'S + sin’ > + sin’)! 
4°R 2 Q 2g Q/)° 


(24) In any plane triangle, the square of the distance 
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between the centre of the inscribed circle and the inter- 
section of the perpendiculars 
8 3 
= 4 FR? — oRr ote 
a+b+c 

(25) ABC is a plane triangle, P a point within it from 
which the sides subtend equal angles, it is required to find 
any number of such triangles having the sides, and the dis- 
tances AP, BP, CP all expressed in whole numbers. (See 
fig. page 71). 

(26) If 7'(1) denote the sum of the angles of any 
polygon, 7'(3) the sum of all the products that can be made 
by taking them by threes, 7'(5) the sum of al] the products 
that can be made by taking them by fives, and so on, then 
supposing radius to be unity 


T (1)-T (8)+ T (5)—T(7) + &. =0. 


(27) The sum of the diameters of the inscribed and cir- 
cumscribing circles of any plane triangle is equal to 


acot 4+ 6cotB+ccotC. 


(28) Ifa, 6, c denote the sides and S the semiperimeter 
of any plane triangle, the square of the line drawn from the 
vertex to the lower extremity of the vertical diameter of 
the circumscribing circle is 

bc (b+c)? 
4 (S—a)° 

(29) In a plane triangle let r be the radius of the in- 
scribed circle, Jt, 2’ and R” the radius of the three circles 
touching the sides of the triangle externally ; then will 

oe eo 
rR” RR” 
required a demonstration. 


(30) Let a, b,c be the three sides of a triangle, and 

r, 7’, r’, r” the radii of the four circles which touch them, 
then 

ab+ac+be=rr' t+ rr’ ¢rr! trl rl + rll err", 

that is, the sum of all the rectangles made by the binary 

combinations of the sides is equal to the sum of all the rect- 
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angles made by the binary combinations of the four radii of 
the circles of contact. 


(31) If from one of the angles of a regular polygon of 
n sides, lines be drawn to all the angles, shew that their 


0 
sum = acosec?—, 2a being the length of a side of the 


polygon. 

(32) Having given three lines drawn from any point 
within a square to three of its angular points, determine a 
side of the square. 


(33) The shadows of two vertical walls, which are at 
right angles to each other, and are a and a, feet in height, 
are observed when the sun is due south, to be } and 8, feet 
in breadth ; shew that if a be the sun’s altitude, and @ the 
inclination of the first wall to the meridian, 


5° 8,’ ab, 
cot a=, / (5474), ce ye 


(34) The distance between the centres of two wheels =a, 
and the sum of their radii =c; shew that the length of a 
string which crosses between the two wheels and just wraps 


round them 
= Q (ee) +ccos™ (- a} ‘ 


(35) If an equilateral triangle have its angular points in 
three parallel straight lines of which the middle one is dis- 
tant from the outside ones by a and 6, its side will be ex- 
pressed by the following formula, viz. 


2 2 
side =o, /P2 Ot" see 


2 
or 2 a : ie : 


required the proof. 


(36) The hypothenuse (c) of a right-angled triangle 
ABC is trisected in the points D, E: prove that if CD, CE 
be joined, the sum of the squares of the sides of the triangle 


CDE=2... 
3 
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(37) Four places situated at unequal but given distances 
in the same straight line, appear to a spectator in the same 
plane with them to be at equal distances from each other ; 
find the position of the spectator. 


(38) The area of a quadrilateral inscribed in a circle 
= J/{(S -— a) (S— 6) (S—¢) (S—d)}. 
(39) If D and D’ be the diagonals of a quadrilateral 
figure and ¢ their angle of intersection, then the 


area = 5 D.D/ sin ¢. 


CHAPTER V. 
DEMOIVRE’S THEOREM. 


33. This theorem, to which we give the name of the 
French geometer that discovered it, is as follows: 


(cos ¢ +,/—1 sin ¢~)" = cosn@ + /-1 sinn®g...... (A). 
It expresses that, to raise the binomial 
cos? +,/—1 sin ¢, 
to any power whatever, it is sufficient to multiply the arc ¢ 
by the index of the power, we may either put the sign 
+ or — before J-1; 
for that is the same as changing @ into — @. 


The case where the index is a positive whole number is 
the first we shall proceed to consider. 


By multiplication we find 
(cos +,/—1 sing) (cosy + /-1 sin W) 
= Cos p cos yy — sin f sin +,/—1 (sin d cos Y + cos sin). 
Now from the formule Art. 13, the real part of this 
product is equal to cos(p@+), and the imaginary part is 


equal to ,/—1 sin(@ +); then 
(cos ¢ + ,/—1 sind) (cosy +,/—1 sin y) 
=cos(¢+wW)+,/—1 sin (p+ W). 
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That is to say, by multiplying together the two ex- 


pressions of the form cos ¢ +,/—1 sin ¢, we obtain a similar 
expression, which contains the sum of the two arcs. 


In order to multiply the product by a new factor of the 
same form, it is sufficient to add the new arc to the other 
two, and thus we may continue the operation to any number 
of factors. Then, if we suppose that there are n factors, each 


equal to cos ¢ + ,/—1 sing, it will become 
(cos +,/~1 sin d)"=cosngd +,/—1 sinn®g ...... (1). 


Let us consider the case where the exponent is fractional. 


In replacing ¢ by g, the formula (1) becomes 


(cos 2 +,/~1 sin ey cos ¢+,/—1 sing, 
and, by extracting the nth root, and putting a fractional 
index in the place of the radical sign, the formula (A) will 


be demonstrated for the index ~ ; for we have 
z ? [Ten 
(cosp+/—1 sin p)* = cos ~+,/—1 sin © aisieateae (2). 


Generally, the expression A® signifies that we ought to 
raise A to the mth power, and afterwards take the nth root 


of the result. Consequently, if we raise cosp+,/— 1 sin d 
to the power m by the formula (1), and if afterwards we 
extract the mth root by the formula (2), it will become 


(cos ¢ +/—1 sin $)* = cos? 4 /=7 sin —- sete (3). 


n 
This is the formula (A) in which n is changed into any 


positive fraction —. 
n 


Finally, when the index is negative, we observe that 


(cos np + /—1 sin nd) (cos np — /—1 sin nd) 
= cos’ np + sin? nd = 1; 
FS 
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and from this we find, 


1 cs 
—-- pane -=cosnd — ,/-1 ; 
cos n@ +,/—1 sinnp ? v nee 
or which is the same thing, (by formula 1), 


(cos ¢ + J-1 sin p)* = cos (~ xo) 
+ /=1 sin (— 1d) oeeeeee. (4), 
since the cosine of a positive arc is the same as the cosine of 
an equal arc taken negatively. 


Thus, the formula (A) is true, when we take for n any 
positive or negative number whatever. 


We have not used irrational indices seeing that they are 
not of any utility, as we cannot replace them by commen- 
surable numbers, which however may differ therefrom as 
little as we please. And as to imaginary indices, they are 
not susceptible of any interpretation. 


The formula (A), which is so simple and elegant, appears 
to have a serious defect when the index is fractional. In fact, 
the first member, being then equivalent to a radical expres- 
sion, ought to have many values, whilst the second member 
presents only one. The explanations which follow have for 
their object to correct this imperfection, 

Let us return to formula (2) in which 2 is a positive whole 
number. From the principles of Algebra, the first member, 
which is equivalent to */(cos¢+,/—1 sin ¢), ought then to 
have x different values ; and in order that the second may 
give all of them, we shall shew that it will suffice to replace 
¢ by all the arcs which have the same sines and cosines as 
itself. The general expression of these arcs is ¢+4C, C 
designating the whole circumference, and & any whole posi- 
tive or negative integer number. By putting ¢ + /C in the 
place of ¢, the second member of formula (2) becomes, 


O+kC ~ Ptke 
cos + /= 1 SIN ~~ ssseeeeseoe ees (5). 


And in this state, we say that it has precisely the same 
values as the first member. 

And first, since n is an integer, it is clear, from formula 
(1), that by raising this second member to the power n, we 


arrive again at the form cos ¢+,/~1 sin ¢. 
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In the second place, if we make successively k=0, k=1, 


b=2...... k =n—1, we obtain n different values: 
In fact, let there be any two values, 
+aC . ot 
cos $= 8% 5 —] sin PH 8C, 


and cos P+ PE + /-1 sin ae 


in which @ and are integer numbers <7. In order that 
they may be equal, it is necessary to have separately, an 
equality between the real and the imaginary parts ; then the 


g+al p+ BC 
a 


difference of the two arcs ere and ought to be 


Cal °e e 
equal to one or more circumferences: but that difference, 


(2-B)C 


consequently the two values are unequal. 

In the third place, if we take for & other numbers than 
0, 1,2 ...... %—~1, we shall find new values. In fact, all 
the other positive or negative integer numbers may be repre- 
sented by the formula ny +n’, y being any integer number, 
positive or negative, and n’ a positive integer <7; moreover 
by making £ = ny +n’ the expression (5) becomes 


cos (1c + an “) + /—1 sin (vC+ ) 


r/) 


which is , is less than C, seeing that a and @ are<n: 


or rather, suppressing the useless circumferences, 
+n'C +n'C 
cos $*"™ + Rie 1 sin (tt**), 


and as n’ is a positive number <2, that value is compre- 
hended under those we have obtained by putting 

k=0,1, 2s. n—1. 
Thus the second member of the formula (2) will acquire 


the generality, which it ought to have, if we take care to 
have for the arc ¢ not only the arc ¢ itself, but also the arcs 


P+C, P+2C, 0. P+(n—1)C. 
Formula (3), ought also to be interpreted in an analogous 
manner, as we find by raising cos ¢+,/—1 sin ¢ to the 
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mth power, and extracting the nth root of the result. The 
formula (1), relating to the case of a whole positive index, 
gives 

(cos @ + ,/—1 sin ¢)”= cos mp + ,/— 1 sin mq, 
and afterwards, for the nth root, the formula (2) gives 


(cos ¢ +,/—1 sin ¢)" = cos P ro sin “2 


But in order that the second member may have the same 
extension as the first, we must, after what we have already 
explained, put mo + iC in the place of m@ ; or, which is the 
same thing, replace m¢ successively by 


mp, mp+C, ...... mo + (n~ 1) C. 


34. Formule for sin nd, cos nd, and tanng. Referring 
back to Demoivre’s formule, 


cos ng +,/—1 sinngd = (cos p +,/—1 sin @)"......- (1), 


in which we suppose n to be a positive integer. Changing 
@ into —¢ it becomes 


cos ng — ,/—1 sin n¢ = (cos ¢ — —/—1 sin @)...... (2). 
Adding and sobpnehne: @) and aie 


ae gated eal sin iaeiane dp)” (4). 


Expanding by the binomial theorem, and suppressing 
the terms which destroy each other, we obtain 


cos np = (cos 6)" =) (cos g)-* (sin 9) 


ras (n — no-N@-90-9 (cos go)" (sin p)* — &¢... (5), 





sin nd = n(cos f)*" sin fp — a Be a on z} (cos p)** (sin ¢)? 


HOD NHHU0-9, (cos p)"*(sin @)*— &c...(6). 
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These formule express the sine and cosine of the multiple 
np in terms of the sine and cosine of the simple arc @: the 
law of the terms is evident, and in the same manner as the 
binomial formule from which they are derived, the terms 
must be continued until we find a term equal to nothing. 

To find tan n@, we must divide (6) by (5), 


~ —2 
n tan Fade) As 2) tan’ @ — &c. 
Sn ee Gnas 1.2.8 
et ee aa VD tant + &c. 


35. Development of the sine and cosine in a series. 

From equations (5) and (6), Euler has deduced the 
series which expresses the sine and cosine of an arc in terms 
of the arc itself. 


Retaining the supposition that 2 is a whole number, we 
can dispose of ¢ in such a manner that n@ may be equal to 


any arc xz; putting then n¢=a2, we have n= = and con- 
sequently the equations (5) and (6) will become 

— 1 z 
cos x = (cos ¢)" — a (cos ¢)** (=? ) 


4% (t— f) (4 — 26) (e@- 39) (cos ¢)" (=*) - &c....(1), 


Lit 364 
sin «= «(cos ¢)*" (“") an ee the 39) (cos ae (=) 
a (2 —¢) (4— 2p) (4 — 3p) (4 — 49) 3 (sing\’ 
: [eos 45 °° oe?) (=) 
— &c....(2). 


Let us now conceive ¢ to diminish to zero and n to in- 
crease to infinity, then the above formule will preserve no 
trace either of ¢ or of n, and will contain the arc x only. 

When ¢ becomes zero, we have 


cos ¢ = 1 and also ane I; 


sin 





Admitting that the powers of cos ¢ and of be also 


equal to unity, however great the indices may be, the above 
formule become 
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x ax* x 


cosa =1-s- 3+ 7373 47 10208 81876 tO (8) 
8 x. 7 
i Sap a Re i(4), 


1.2.3 1.2.3.4.5 1.2.3.4.5.6.7 


The following very sensible observations on these series 
are made by a correspondent of the Mechanics’ Magazine. 
(See No. 1256, pages 231, 232). 

«* Now to many students, who are not altogether without 
thinking what they are about, and yet have not attained to 
clear notions on the distinction between things themselves 
and the numerical measures of those things—the above series 
are a sad stumbling-block, and well they may be. The 
reader who has these misty notions, naturally asks—‘ How 
can a sine or cosine, which I know to be a number or ratio, 
be expressed in terms of an angle, which I conceive to be 
an opening ?’? How indeed! About the ne plus ultra of all 
conceivable absurdities would be the following equation ; 
sine of a certain opening 


= that opening ~% (cube of that opening) 


+ &ce. 


‘The absurdity arises from considering the symbol (¢) as 
standing for the Euclidian angle or opening, instead of for 
a certain numerical fraction or ratio which measures that 
angle, and which bears the same proportion to other frac- 
tions (the measures of other angles), which the Euclidian 
angles themselves do. Cos¢@ is really an abridgment for 
‘cosine of that Euclidian angle the length of whose arc 
bears the same proportion to the length of the radius, as the 
number ¢ does to unity.’ 

“ Again, the use of these series is seldom seen, and be- 
cause the series on the left hand side of the equation is 
infinite in the number of its terms, the student is apt some- 
times to conceive that an immense number of those terms 
must be taken to get anything like a tolerably near value 
for cos¢ or sing. To obviate this fancy, and at the same 
time to shew clearly the real nature of the equation, let us 
take a numerical example and work it out. Suppose, then, 
we endeavour to find the numerical value of the cosine of 
30 degrees by means of the series. Here (¢) means 
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length of arc subtending the angle of 30° 
length of radius ( 


and this is the first thing to find. 


‘“‘ Now, we know that the length of the circumference of 
a circle bears the proportion to its diameter of (7) to unity; 
a being nearly equal to 3:1416. We have then 
D 


arcAB 30° 1. B 
1 90° 3 
2 
] 


. arc AB= 3 * 4 quarter of the circum- 


semi-circumference 

















ference, = —— i 
arc AB 1 semi-circumference 1 3:1416 
*. ; — Sg oe aes =—- AT. 
radius 6 radius 6 6 ’ 


so that here (¢) is equal to -5236. 


“Take only the first three terms of the series for cos ¢, 
so that 


1 I 
oO —_—— *. 2 ee Ld 4 
cos 30°= 1 5 (5236) + 53 (5236) 


Keep only four places of decimals in multiplying, and the 
second side becomes 


= 1 — 0'137078 + 0:003130 = *866052. 
‘Now turn to a table of natural sines, &c., and you will 
find the cosine of 30° to be 8660254, which agrees with that 
just found from the series up to the fifth place of decimals, 


and differs less from it than the cosines of 30°1’, or 29°59’, 
differ from the cosine of 30°.” 


36. In the applications of the higher branches of mathe- 
matics we often find it necessary to express (sin ¢)" and 
(cos p)* in terms of the sine and cosine of the simple arc. 
We proceed in the following manner: 


Let cos¢+,/—1 sing =a, 


then cos p — /=Tsin g=-. 
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By addition, 2 cos 6 = 2+ ; 


and by subtraction, 2 ga1 sing=a« _* ; 


*, 2"(cos o)" = (« + =) 





mate nat tan (*E*) grey neg ® 
2 eg 


oY 


= (collecting into pairs the terms equidistant from each ex- 
tremity of the series) 


(ar + +)+ n(2 may 3+) +n 7") Ce +z) + &e. 
but {cos ¢ + ,/—1 sin g}" = cos np + J-1 sinnd =2", 


{cos P — ,/—1 sin g}" = cos np — ,/—Isin np=— : 
by adding and es we have 


2 cos np = a + , and 9/—1 1 sin xd = 2” ~<a 


n>? 
F *) (+ 1 n—-1/., 
* (2 +—Jt+n (a ties x 
x x pd 


—1 
= 2cosng + 2n.Ccos (n-2)+2n~ 5 ~ cos (n— 4) op, &e.; 








=) + &c. 


*, 2" (cos Pp)” = cos np + n COS i ~ ie P 


ee 





cos (n— 4) d, &c. ; 


the last term of the series being 


1 ee ee 


» when » is even, 


2 2 $n 
n—- 1 n—dA(n—1)+1 ‘ 
and n (**) aay cos ¢, when n is odd. 
From what has been given above, we have for the sine 
1 


2,/-1sing = n—-, and 2,/—1 sinng = was 
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(2 ed sind)" = (« - a) = {2 + (- :)t" 
= 2" — ng? + mod) eT avs Si eee (a) 
= {2 + (=)} —n {a + (= . 
Fle Oe SO (6), 


when n is even the series (6) becomes 


ee ee ey 
(— 1)? 2" sin g=(« +=) n (2 +7) 


+ nl (tas )- 
n yo) a 
n-1 mn—dn+1 


a aa ee Te 


2 cos (n—4) pb — 











-1 
=2cosnp—n.2cos(n ~2)p+n— 





—-1 n-jn+1. 
oF 





“ (- 1)3 2" sin" d = cosnd —n Cos (n - 2) p 


n—1l 
+7 





cos (n-—4)o—... 


ee +(-1)8 dn net. n-in+1 


If n be odd, then (J/=1)"= /-1(/- 7 = (- 1)? 71; 


and the last term of (6) is 


iy ,t—l m-d(m-1)t1 (1 
(- 1)* so ey ( ) 








x 
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Hence, when z is an odd number (}) becomes 


(-1)F 2", gi sin” @ = 2-5 )-n (#35) 


+n" (a =) 
gq \* sia 


aves (2), teat ply. of 
(-yienn te? Bee ; Ne 


x 
=2,/~1 sinngd -n.2,/—1 sin(n—2)o+.. 








* n-1 n—J(n—-1)4+1 —., 
—1)2 eee ae . 
@reeee + ( 1) n 9g eee 2(n—1) 2,/ 1 sin @; 





n—1 
-. (—1) * 2"" sin"? =sinn  — 7 sin (n—2) 





iggy a sin(n—4)o—..-.- 


n—l = “ce oa, 
5 ae Haak Mi seate ee 


— 4(#—1) 
(1) Sum the series 
cos ¢ + cos 2gp+ cos 3p + &c. + cosnd. 


The sum is equal to the two following series, 








5 +2°+ 2° 4+ &c. +2") 
a(etotpteet a) 
ey oe 
~~ 2\a-1 x" (#-1) 


1 (a*— 1) (2*" 4 1) iA - 
~ a*(w-1l) 2 
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np. ap 
1~cos?’— sin — 
— Js = 2 
1— cost 2? sin“? 
2 2 
consequently the sum of the series is equal to 
- np 
ne = (* + *) 
> np x COS 9 p. 
2 


(2) Sum the series cosec ¢ + cosec 2 ¢ cosec 2’ to n terms, 
cosec @ = cot g ~ cot ¢, 


cosec 2p = cot p ~ cot 29, 
&e. 
cosec 2"! d = cot 2""  —cot 2°" p; 
hence, by addition, 
cosec ¢ +cosec 2p + &c, cosec 2" b= cot cot 2""' g. 
(3) Sum the series 


1, ¢@ 1 ? 1, 6 
ie See oe Be eee + + &c. to m terms. 
9 ans + ga tan 53 + gs aN 55 


Since tan £ = cot e —2 cot ¢, 
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1 an? = cot? 
h — tan =—cot+— 
we have 3 ANZ 9g Cots cot ¢, 
1 1 1 
witan & ==, cot £5 cot £, 
od OE er ene nee 
1 g 1 iy 1 ~ 
ga FAN oa = ga COL Si — Bact COb Sn - 
By addition we have the sum 
Lee 
= gn Cot 5, — cot @. 


(4) Sum the series sin p + sin 2¢ + sin 3f + &c. 


MISCELLANEOUS EXAMPLES. 


(1) The square of the distance between the centres of 
two of the escribed circles of a triangle exceeds the square 
of the sum of their radii, by square of the opposite side of 
the triangle. 


(2) Let a,b,c be the three distances of a point from 
three successive angles of a square field, then if S be the 
side of the square, and A the area of the triangle, whose 
sides are a, 6,/2, c, it is required to prove that 


Stas (a? +c) 2A, 


(3) The continued product of the radii of any three 
circles mutually touching each other, divided by the radius 
of the circle passing through their points of contact, gives 
the area of the triangle formed by joining their centres. 


(4) Shew that if there be inscribed in a circle a regular 
figure, each of whose sides is an m™ part of the radius, the 
secant of the angle at the centre subtending each side 


Qn? 


~ @m*— 1" 
(5) Two regular polygons of the same number of sides 
being described, the one within, and the other without, the 
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same circle, what will be the number of sides, when the 
whole space intercepted between the two polygonal boun- 
daries is an assigned part of either polygon? Ex. What 
is the figure when the exterior area is 4 of the interior 


polygon? 


(6) In a right-angled triangle, if the hypothenuse (c) 
be divided into segments (x), (y) by the line which bisects 
the right angle, and ¢ = the tangent of half the difference of 
the acute angles, 


é 
esyu ltt i-d,. 
(7) To divide a given angle into two others, whose 
sines shall be in the ratio of m : 7. 


(8) Avcircle is inscribed in an equilateral triangle, an 
equilateral triangle in the circle, a circle again in the latter 
triangle, and so on; if 7, 7,, 7g) 3, &c., be the radii of the 
circles, shew that 

r=rjtgt+7,+ &c. 


(9) Ifa, 6, c be the sides of a triangle, and p, q, r per- 
pendiculars from a point within the triangle bisecting the 


sides, prove that 
(: b :) abe 
4 cae + He + Meet ee 
Pod Fy Pq 


(10) It is required to determine the continued product 
of n terms of the series 


(sin ¢ cos 5) (sin 50 cos oy (sin ; ¢ cos ; 8 


A 1: isi, 
Ilaacs (sin a @ Cos 3 p)* : 


(11) The circumference of the inner of two concentric 
circles, of which # and r are the radii, is divided into n 
equal parts; shew that the sum of the squares of the lines 
drawn from the points of division to any point in the cir- 
cumference of the outer circle = 7 (#’ +7°). 


(12) The ratio between the area of an equilateral and 
equiangular decagon described about a circle, and that of 
another within the same circle, is equal to 
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" @0 





ie In a plane triangle ABC, having given the sum 
of the sides AC, CB, the perpendicular from the vertex C 
upon the base 4B; and the difference of the segments of 
the base made by the perpendicular; find the sides of the 
triangle. 


(14) The length of a road in which the ascent is 1 foot 
in 5, from the foot of a hill to the top is a mile and two- 
thirds. What will be the length of a zigzag road, in which 
the ascent is 1 foot in 12? 


(15) At each end of a horizontal base measured in a 
known direction from the place of an observer, the angle 
which the distance of the other end and a certain object 
subtends is observed, as also the angle of elevation of the 
object at one end of the base. Find its height and bearing. 


(16) <A staff one foot long stands on the top of a tower 
200 feet high. Shew that the angle which it subtends at a 
point in the horizontal plane 100 feet from the base of the 
tower is nearly 651”. 


(17) Find the degrees, mjnutes, and seconds, in the 
angle whose circular measure is ‘1; also the values of 
cos mr and tan" (—1)" (m an integer). 


(18) Two circles have a common radius (r) and a circle 
is described touching this radius and the two circles: prove 


that the radius of the circle which touches the three = at 5 


(19) At noon a column in the E.S.E. cast upon the 
ground a shadow, the extremity of which was in the direc- 
tion N.E.: the angle of elevation of the column being a’, 
and the distance of the extremity of the shadow from the 
column (a) feet, determine the height of the column. 


(20) Tan! (574) — tan” (53) = z 
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(21) If A, B, C be the angles of a triangle, 


cos nd + cos mB +.cosmC= 1+ 4 sin "4 sin ™2 ain %, 
or =-—] eee cos ie Pt the 
7 Q Q Q° 


according as ” is odd or even. 


(22) Ina regular polygon of n sides inscribed in a circle 
whose radius is (7), if a be the distance of any point from 
the centre, and perpendiculars be drawn from this point upon 
all the sides of the polygon, the sum of the squares of the 
lines joining the feet of the adjacent perpendiculars is 


n sin? = (r? +a’). 


(23) Four objects situated at unequal but given dis- 
tances in the same straight line, appear to a spectator in the 
same plane with them to be at equal distances from each 
other, it is required to determine his position. 


(24) Ifa’, b’ be the segments of the hypothenuse made - 
by a line bisecting the right angle, then 
a'b’ a a + 6? 
Ck 


(25) <A boy flying a kite at noon, when the wind was 
blowing a° from the south, and the angular distance of the 
kite’s shadow from the north was 6°, the wind suddenly 
changed to a,° from the south, and the shadow to #,° from 
the north, and the kite was raised as much above 45° as it 
had before been below that elevation. Shew that 6° being 
the angular elevation of the sun, and 45°— ¢° that of the 
kite at first, 

oe sin 2 sin 3 
tan’ = in (a= A) sin (@—B,)’ 
sin (a —8) sin f, 


tan* (45° — ?°) = sin (a, — B,) sin 6 ° 


FINIS. 


ERRATA. 


3 
Page 42, line 8, for 3 read -. 
64... 4, the thick and thin line to be transposed. 
96 Supply £ in fig. 2, as in fig. 1. 


